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PREFACE. 


or - Ne N an Art fo Plentifully hae with © 


wherein all aner 2 25 which the Pen 
SES e be employe 
'* 40 be exhauſted, it muſt be extreamly na- 
en 10 4 Perſon who would not be impoſed on by mag- 
niſied Pretenſions and  ſpecious Title Pages, to enquire 
concerning a new Book 
What Diſcoveries and Improvements it contains 
in the Subject it handles? 
Whether it ſerves the World by detecting any 


Errors or falſe Principles, which have been made 
or adhered to by ſuch as have before undertaken 


to-write upon the ſame Thing ? Or, 


Whether it be helpful to Lexrners, and · agree · 


able to Men of Knowledge, upon account of pla- 


cing Things before diſcovered and known, in a 
new and more advantageous. Light; whereby the 


Learning of them may be facilitated, and their 


n diffuſed thro a greater Sphere? 
As every Lover of Books, who is at the ſame; Time 
a Perſon of Senſe, can only be induced to purchaſe any 
particular Book from an Affirmatiroe- Anſwer to cone 
or more ſuch. Queries as theſe ; an Author muſt have 


the greateſt dk dts who ſhould ai 4 Piece 
A 1% 


Books npon all Subjects, as this, and 
ſeem in a Manner . 


. of our Argument through the Book, it would not 


"I * Wo. e f ' g 


„ FRERS 


As to this Piece of ours, we were inſpired with the 

. Confidence of publiſhing it, from this Motive, that © 
' wwe preſumed it would contain ſome Things new, and 
hitherto unobſerved, which were of conſiderable Uſe, 
and teiided to the Improvement of the Analytic Art, by 


introdut ing ſome new Methods of Argumentation, 


_ wwhich uſually produce more elegant Concluſions than 


the common Ones in Geometrical and Spherical Pro- 


blems; and thoſe of all Kinds in the Solutions of which, ' 


Sies and Tangents can any Way be employed: 
But not to talk only in the general, we ſhall bere 
preſent the Reader with a brief Account of the ſeve- 
ral Things contained in this Volume, in the Order they 
lie, whereby he may be the better enabled to form a 
Judgment thereof. | | 
x. The Firſt is a Problem taken from Sir Haac 


Newton's Univerſal Arithmetic, from our Solution | 
of which are deduced the two Theorems of Ptolomy, 3 
for finding the Sine of the Sum, and Sine of the Diffe- 


rence of twa Arches ; the two Theorems for finding 
the Coſine of the Sum, and Coſine of the Difference 


cf twwo Arches : And afterwards, by Way of Corel- 


lary, four other Theorems, — finding in Terms of 
Tangents, the Tangents and Cotangents of the Sums 


aud Differences of Arches ; all of excellent Tie in ibe 
Solution of difficult Problems, as by the following Pages 


to the World void of all theſe Qualifications, in & 
Manner to demand its Patronage, for what be is 
conſcious to himſelf has no Claim to the Publick Accep- 


— 


will evidently appear. We made Choice of this Pro- 


blem, rom the Solution of which to inveſtigate theſe 
Theorems, in order to free us from the greater Trou- 


ble of giving to each a Synthetical Demonſtration : For 


notwithflanding they are all extant in other Au- 
thors, yet as they are made the Foundation of moſt 


e ame 


have been ſo well to have let them paſſed without ſome. 

anifeſtation of their Truth. © WE 
2. The 24, 3d, 4th, 5th and 6th Problems are either © 
aten from Newton, or 10 be found in common Au- 
bors, but ſolved in a different Manner to what they 
re in the Books from whence they were taken, and 
b as to point out a Collection 75 curious and elegant 
Theorems (vide p. 1. 13, and 14.) of good 9 in the 
olution of moſt Problems that can be propoſed about a 
plain Triangle, and that too frequently without the 
elp of Algebra. | 5 
3. The 7ib is a common Caſe of plain Trigonmetry, 
but propoſed here in order to introduce the Inveſtiga- 
ion of two elegant Theorems, which may indeed be 
wſed with leſs Advantage than the common Ones, in 
the Management of Numbers, but ſerve to many va- 
luable Purpoſes in Alzebraical Calculations. For ſuch ' 
is the Difference between Arithmelick and Algebra, 
that, in many Caſes, thoſe Theorems which are moſt 
commodious in the Management of Numbers, incumber 
Algebraical Equations with ſuperfluous Difficulties ; 
and that, on the contrary, thoſe which moſt promote. 
Algebraical Calculus, frequently protratt the Length 
of an Arithmetical Supputation : Inſtances whereof 
may be ſeen in the two Theorems wwe are ſpeaking o, 
and in ſeveral belonging to Spherical Trigonemetry. 

4. Next follow ten Examples ſhewing the Uſe of the 
Theorems in Pages 13 and 14. 

$. The 8th, gib, and 1oth Problems are taken from 
Sir Iſaac Newton's Univerſal Arithmetick, with 
this Alteration, that whereas Sir I ſaac only ſolved the 
Problems by ſuppoſing the Angle oppoſite to the Baſe or 


longeſt Side to be = 90 Degrees, we have ſolved them. _ 


when the Angle is 90, or any other Number of De- 

grees." © 5 | EN 

6. The 11th and 12th are new Problems, and point 

out a Method of finding the Value of x in the Equa+ ' 
A 2 $574." 1-0 


vi PREFACE. | 
tion A x x + RLM = C, by a 9tadratic 
Equation. . | 3 
The 13th is a curious Problem by Mr. Tho. Bird. 
8. The 14th, 15th, 16th, 17th and18th Problems 
are ſuch as we hope will be well received, becauſe th 
point out à Method of ſolving Variety of Problems, in 
Ward and other Authors, by ſome eaſy Analogits, 
which thoſe Authors have done hy Quadratic Equations., 
9. The 19th is from Mr, S. D. the 20th from 
Sir Ifaac Newton, the 21ſt by Mr. Robert Heath, 
and the 224 a very pretty Problem in Allimetria pro- 
poſed by Mr, Henry Travis, in Ladies Diary 1740. 
10. The latter Part of Problem 23d, which re- 
quires the Tangent and Cotangent of double an Arch 
zoboſe Tangent is given, is extant in other Authors ;, 
but the former Part thereof, which requires the Sine 
and Coſine of double a given Arch, in Terms of the 
Tangent of the ſaid given Arch, is new, at leaſt to 


1— t 


us, and the Expreſſions ITT = X an e of 


. immenſe Uſe in keeping Equations void of the Incum- 
brance of Surd Quantities, and making the Involu- 
tion of the known Quantities unneceſſary, as the Solu- , 
tions to ſeveral of the following Problems do amply 
de monſtrat a. | 

11, Prob, 24. is from Ward, and was alſo pro- 
poſed as a Prize Queſtion in the Ladies Diary 1725. 
Prob. 2.5. was propoſed by Mr. W. Deare, in Diary 
1720. The 26th ts taken from Ward; the 27th is 

the 26th in more general Terms, by Help of the Solu- 
tion to which, the ,28th, taken alſo from Ward, is 

very eaſily. ſolved, The 29th is 4 aifficult Problem 
contained in Ward, and alſo propeſea for à Prize 
. - Qreftion in the Diary for 1723. The 3Oth may be 
found in the firſs Edition of Ronayne's Algebra; 

"where it is ſaid to have buſied the ableſt Mathema- 

licians in Europe; and was alſo a Prize- Queſtion Fs, 


he Diary of 1727. The 31ft is by A. Robert 
earnſide of Hall. The 32d is @ very pleaſant Pro- 
em by Mr. John Watts of Comb; be 33d i 
rious Problem by Mr. John Turner of York, and 
be 34th is another of the ſame Nature, by Mr, John 
zdder of Coffal. Several of theſe Problems art 
tved by the Expreſſions deduced from the Solution 10 
he above-mentioned Prob. 23. and all of them in 

ch a Manner as we hope will be acceptable. + 
12. Suppoſing the Problems before nominated ſuf- 
cient to lead the Readers into a Tratt of Reaſoning, 
y which he may be enabled to give the moſt conceſd. 
d elegant Solution io any Thing which can ordinarily 
propoſed, in plain Geometry and right-lined Fri- 
Dnometry ; we proceed next to Spherics, of which 
e bave firſt laid dewn the Elements, conſiſting of 
Definitions and Principles, in the moſt plain and fa- 
iliar Manner we could deviſe, giving a Demonſtra- 
on to each of the more weighty and important Prin. 
pes; which being fi 1 0 we next lay down and 
monſtrate the two common Theorems uſed in the Solu- 
on of right-angled Spherical Triangles, from which 
2 draw the four others neceſſary to the ſame Purpose; 
nd then after giving ſome Direction and Advice about 
e Algebraicat Manner of Solution, and laying down 
nero Merbod of multiplying Sines and Coſines, to- 
ether with its Grounds and Reaſons, we proceed to 
be actual Solution of the ſeveral Caſes of right-angled 
riangles, which we give both by the Logarithms, 
the common Form, for the Service of fuch as would 
ate a practical Uſe of this Kind of Knowledge, and 
an Algebraical Equation, for their Purpoſe wwho - 

ould lay a Foundation for ſolving difficult Problems 

Spherics. Theſe being finiſhed, and à Synopſis a. 
rwards given from the preceding Pages, exhibiting 
t one View the Analugy and Equation for each Caſe, 
re Theory of ebl:que-argled Spherical Triangles is 
5 undertaben; 


PR E F A C E. „ 


viii PREFACE. 
undertaken ; in the Variety of Theorems contained in 
which, we hope the Reader won't miſs of ſome Satis- | 
faction and Entertainment, many of them being of 
wonderful Uſe, in giving the moſt general and conciſe 8 
Solutions to all Kind of Spheric Problems; and, we i 
humbly preſume, all of ſome Subſervience to the ſame i 
End. The Reader will obſerve, by caſting his Eye 
over the whole Claſs of our Spherical Theorems; that 
ſome certain among them, are of an admirable 
and extenſive. Nature, ſo that by them alone, 
with the Aſſiſtance of Algebra, properly to re- 
| duce and adapt. them to the Caſe in Hand, the 
whole Art may be performed; and the Solution of one 
Caſe being thus drawn, by Way of Corollary from 
that of another, the Compaſs wherein the whole Sci- 
ence is contained vaſtly contradted. In the firſt Scheme 
of this Work we had handled the Trigonometry 
according to this Method, which gave occaſion to an 
Advertiſement in the Ladies Diary, that the tobol 
would be performed by only Six Theorems ; but ww 
have ſince been perſuaded, by ſome Friends who art 
ſalicitous of having it levelled to all reaſonable Capa- 
cities, to change its former Order into that in which 
it at preſent appears : To our own Diſadvantage in- 
deed, in augmenting the Quantity of Paper when the 
Price of the. Book was fixed; but we hope, neither 
to the Diſadvantage or Diſpleaſure of either our learn- 
ed or leſs Skilfu} Readers: Not of the former, ſince. not 
one of thoſe Theorems which were advertiſed in the 
Diary is ſuppreſſed, but all inſerted in their proper 
Places, with a gratis Addition of many more; not of 
the latter, becauſe no Body can deny but the preſent 
Form is more beneficial — uſeful to them, than that 
which ſcarce moved a Step without Algebra. 

As in the right, ſo in the oblique-angled Part of 
Spherical Trigonometry, 0 Caſe is gone over will- 
out at leaſt two Solutions, one algebraical, and 45 

HE fi e 
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other by Logarithms : And ſeveral Caſes in each 
part have an additonal One given to them by our 

new Sinical Multiplication z a Method which 
would have been highly valued before the Inven- 
Wion of Logarithms, and can't now be denied to 

de curious. To each Caſe in both Parts, the Solution 
= i; Ambiguities is ſubjoined. | 

13. Next follow ſome Spherical Problems, taken 
rom the Ladies Diary, Petersbourg Acts, and 
Gentleman*s Magazine, (with their Solutions 
our Theorems) not many in Number, but yet ſuf- 
cient to initiate an ingenious Perſon mio ſuch a 
anner of arguing, as will carry him through Pro- 
ens of this Kind with great Facility, eſpecially 
with the Addition of thoſe of this Sort which are 
intended to be inſerted in the Third Volume. | 
14. Theſe Problems are ſucceeded by ſome of the 
unlimited Kind, and thoſe again by ſome from Dio- 
phantus ; all which are ſolved in the moſt eaſy 
natural Manner we could deviſe. | 
15. Finally, the Solutions to the Queſtions con- 
tained in the Gentleman's and Ladies Diaries for tbe 
preſent Near compoſe the laſt Part of this Volume. 
Thus having finiſhed the Narrative Part of this 
Work, wwe ſhall only add, that in Triangles ſimilar to 
one another, 


id 1. As the Rectangle of any two Sides of vne 
„Triangle: is to its Area:: fo is the Rectangle of 
p the two anſwerable Sides in another Triangle : to 


its Area, 
2. As the Square of the Sum of any two Sides : 
is to the Area:: ſo is the Square of the Sum of the 
two correſponding Sides in another Triangle : to its 
Area, | | | 

3. As the Square of the Difference of any two 


J & Sides : is to the Area:: fo is the Square of the Dif- 
„ ference of the like Sides in another Triangle: to 
5 its Area. 6 | 


4 As 


3 PREFACE. 


4. As the Square of the Perimeter of one Trl 
angle: is to its Area:: fo is the Square of the N 
_ CT to its Area, 
a the Spheric Theorems this { ſerving 10 
45 ſame urpoſes as Theorem 9. ) Was er 1 
a Place, viz. © I 
Multiply the Rectangle of two Sides of a Sphe- 
rical Triangle, by the verſed Sine of their contained 
Angle; the laſt Product ſubſtracted from the Co- 
ſine of the Difference of the ſaid Sides, ſhall leave 
the Coſine of the third Side. | 
& wn B. #hen the laſt mentioned Product can't be 


on foo the Cofine of the Difference of the Sides, i 
ſaid Cofine from it; the Remainder being ne- 


— —— the third Side, in ſuch Circumſtances, io 
; obtuſe. (See the Reaſoning at p. 75 and 76.) 


ERRATA in Vol I. 


P4626. Line 10. for Tangent read Cotangent. p. 7.425 
50 ＋ 10 :: 50 — 10: 53709. = 
it of half 0 Sum of the Angles at the Baſe = 
2* 2 4% and per Theorem 10. p. 13. as : Sine 
2 9, Gall to half the Difference bf the Angles at at the Baſe 
== 9? : TH 25//, Hence the leſſer Angle at the Baſe is 
43% 287: 0! —7 $3. J. 2. for Mr, r. MN. I. 15. r. 2BN. 
e after 90? read BN, in /. 16. and 17. r, BN. 
in J. 18. and 19. . BR 77. J. 25. for Circles r. Parallels, J. 
26. for Circles 7. Parallels. 27. for Secondaries r. Parallels to. 
. 71. 4 26. after for f. in, and J. 20, for Fr. B BF þ.75-L 35 1 
for Queſtion 7. Quæſitum. p. 87. J. the laſt, for 

gu 9. 324 124- J. 10. after in, 7. the. J. 23. for Ang. OP r. Ang, 
OP. p. 13 7. for only the, r. the only. p. 162. J 9. after con- 
bs. <p that. p. 169. J. 28. for 80—3 r. go. þ. 170. L. 
inſtead of makes, .. it makes, and in the ſame / between x and 
4o put =. J. 11. for 3, 3. r. 755 p. 171. 4.9. for Contradiction 
r r 174. 4. laſt for ſecond 7. ad. p. 177 J. 5. 

inſtead of for, r. ſo for. p. 181. J. 11. EE 
Nete, The Angle oppoſite to the Baſe ſhould have deen men- 
tioned in Problems the Sth, grh, and 10th, as Part of the Data; 
_ and if 2 be put for the Cotangent of its half, then the Equation 
at 5. 23.4. G. will became #'S? 4- 151) — the Baſe FF. and 
2 AW. 
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* NN og, of bu 
Some PROBLEMS 
IN 
PLAIN TRIGONOMETRY. 


The Problems are generally taken n Sir 
Isaac NeEwTON, SAUNDERSON, and others, 


5 b 
\ but ſolved i in a different Manner, 
10 L 1 Ne LS + 4-402 M1 ü 
x el "the 
„ 1 


| : PRO 
Being the firſt of Sir Iſaac Newton's Geome- 


8, 
4 trical Problems, in bis Univerſal Arithme- 
2 tick, pag. 10 1. : ; 
e 
Having all the Angles and Side BC of the 7 riangle 
- ABC annexed given, 2 Mad the Perpendicular 
1, DB, &c. ; 
| SOLUTION, 
Ropvce - VAL — 
the Side 
ABtill it meets 
the Perpendi- 
cular CP, put 


p and q toex- 
preſs the Jiu“ 
and Coſine 9: 


the Angle 4, 12 8 on Wh 


s and z that of f 


the Angle 403, n and m that of P E Which » 
B t 


raren 


i 4 | TR 


the Sum of he Angles BAC and BC 4, and let 
Rad. = 1, then per Trigonometry we ha veasl:e 


* 5: DB, and as 2: Du: :1: AB 
. Again ap: DB=# : | 1 4⁰ A as 


12 1: : DC=ex, conſequently 2 7 TY 


663 p: FRYE : ACE ED which multiplied 
out of Fractions, Fc. gives 122 + p. Again as 
1:e::m: BP= me. "me + = =>! out o Frac- 


tions it's mp —+ 5 + = #q *,* S= 4 alſo from 
124 and = ng—pm * writing »q—mp for 
5, WC have n= 21 ing 8 
pz, Or n X— g. pan: But 1=P is =o. 
np pn . 1p =2—mg 1 d. f and by 
writing. 59 +22 ſor n, we get 5= . b+ pzg—pm or 
$5p* =p2q — pm, which —ed by p, givet-sp= 
,*m=2g—5, Hence we have the Rowing: F20 
orems :; 
T _.” a r PET 
Theorem 2. mM = 24—5. 
Theorem 3. 3 
| REES bv Fs. 
1ſt. 1 = 59 + 2 = Sine of the Angle PBC, 
which is the Sum of the Angles A and C. 
2d. m = - = Coline of the Angle PBC, 
which is the Coſine of the Sum of theAngles A and G 
zd. n -m =Sine of the Angle ACB, which 
is the Difference betwixt the Anglez PBC and BAC. 


A. Rad: AC:: Sine Angle ACP : 4P bb. 7 24 
AP 7 a” „ 
5 2 


. 4 


et aeg = Ooſine of the Angle B. 
p "EN ice brine Ange FT nd 
B 


Which TnTOoR IIS ſolve the PzxOBLEMS. 
I. To ind te Sine coeſponding th Same 
my two Arcs or Angles, : 
| ' TuzonREM I. 
The Sine of the Greater into the Coſine of the 
Leſs, Plus the Sine of the Leſſer into the Coſine of 
1 find the Coſine correſ ding che 
I. To e to the Sum 
of two Arcs or Angles, Ken 
Tu gon EM II. 
The Produdt of the two Coſines, Minus the Pro- 
duct of the two Sines. 
III. To find the Sine correſponding to the Dif- 
ference of two Arcs. 
Taxzozetm III. | 
The Sine of the Greater into the Cofine of the 
Leſs, Minus the Sine of the Leſs into the Coline of 
the Greater. 
IV. To find the Coline correſponding to the 
Difference of the two Arcs, 
TrrzoremM IV. 
The Product of the two Coſines, Plus the Product 
of the two Sines. 
COROLLARY. | 
Whence if B be put to expreſs the Secant of that 
Arc, of which g is the Coſine, and : the Tangent; 


then will 3 =# the Coſine, and 5 - the Sine of 


the ſaid Arc. Again, let D exprels the Secant of 
that Arc, which 2 is the Coſine of, and T the 


Tangent; then will I = z the Coſine, and © * * 


the Sine of the ſaid Arc: And if we ſuppoſe the 


Arc which T is Tangent of, greater than that 
B 2 | which 


14 


e 


141 


which i the Tangent of: then * the iſt and 


2d foregoing Theorems we have 7D + Z —— =8ine 


Tei 
ofthe Sum of the ſaid Arcs, and 5 35 LS =the Co- 


22 hf th 
{ine of cheir Sum ; whence Theorem 12 = — 


D angent of the Sum of the ſaid Arcs; and Theo- 

rem 6. 2 = Cotangent of their Sum. Again, 

by the 3d and " of the foregoing Theorems, we 
. 


have D* 5 5 Sine of the Difference of the ſaid 
2 


two Arcs, and — E 7* D 3 =  Cofine of their Diffe- 


rence : Hence Theorem 7. = — Tingent of 


the Difference of the ſaid Ares; and 'Theorem 8. 


Las . = Cotangent of their Difference. 


Note, The greater any Sine # is, the leſs. will its 
Coline n be; and when u is the Sine of 90 Degrees, 
then its Coſine m is = o: And when the Sine 7 is 
the Sine of a greater Arc than go Degrees, then 
m is a negative Number, and muſt be expreſſed 
thus — m; hence the Letters which repreſent Co- 
ſines in the above Theorems, muſt ſometimes be 
expreſſed by a negative Sign; and by that means 
the Signs in the ſaid Theorems are altered, as 
will appear in the following Problems. 


aw 


« Rex PROB, 


DR 


rio ES 

Being the 5th in Sir Ifaac Newon's Abuse. 
s 104. 

avi * the TT Baſe, and Sum of the 

Si * — to find the A Sc. 


JUT B for 
| the Baſe EF, 
> for the Perpen- 
Wicular GH, and 
for the Sum 
the Sides EG E- 
= GE, and lets 

nd q be put to expreſs the Sine and Coſine of kalf 
he Sum of the Angles at the-Baſe,'x and y the Sine 
ind Coſine of half their Difference; Radius 
Unity. Then per Trigonometrical Theorem, p. 3. 

+ qx and gy — 5x will expreſs the Sine and Co- 
ine of the greater Angle at the Baſe (as the Angle 
at F) and -u and qy + 5x that of the Angle E. 
nd per Trigonometry, as the Sine of the Angle E: 


2 | 
Ch: Radius: E =; * And as the . — 
Ee en : Radius: PANE 6; 
Fu 1 9 +9, 
+ — 
henceEG +CGF is +5 | s, or when 


educed to a common enominator, Sc. it s 
„ s, which multiplied by B, eic. | 
BS. Again as the Sine of the Angle F: EG:: Sins 
Angle EGF: EF, e =: * ; 


* 0 
as £2 


= EF . which multiplied by &, gives 
259pS 


e 43 
v: Bur = 0:c2p1yen Syd, 
or by writing 1 for & it y- +418; M 
bat dere ee (bevauſe e f = 1) . 25 
= SY, and r oe for y and their 

27591 5 a 2 
Values, we have — 2 = — 4 8, which being dis 


. 1 27s $2 | | | & | 
vided by 28, gives = 2. 2p B3==g8' —qB v8 
- 2 Bur 2pB=4.4/* Hence Ter che 
Tabgene of half the Sum of the Angles (E and #) 
at the Baſe, or the Tangent of half the Angle oppo- 
fie to the Baſe, And = y the:Coſine of half the 
Difference of the Angles at the Baſe.., Q, E. I. 
Note, If inſtead of | the Sum of the Sides EG + 

GFS, there had been given their Difference =D, 

then would =£ 2 = D; which reduced 

Ry oF 18 

to one Denominator, &c. will RE = D, 
Xx 

= DB. But 

r 

we have already proved men B, which mul- 


tiplictbyD; makes rg D, conſequently 

. 2 f + 

sB=5D „ 0 = and "> But as x 

B.. 259p*= BYy* .. BY x, or by writing 1 —x* 

Inſtead of y?, it's 259p = BY? — Bπ . Bqx*, or 
* = Four Times the Arca of the Triangle. 


which multiplied by B, gives 


2 


171 
& | up B42, and by writing g. inſtead of 
„ i bcomen ap = 36 =Ir e. 


1 == 


eee e 


ky 


| ia yt Baſe, or the Entapgent of 
alf he Angle oppoſite to the Baſe ; and * = 


f 7 2. the mee, 
; t the Baſe. es 


; 
y 
r 
$ 


1 
— 


PR O B. III. ret 
Suppoſe there Sg all the Sides of the Vi- 
= 5 Ie Nw , to find the the Angles.” See 
Sir I ee, pag. — 8 
By g., and B*% = 
N 


or rather B. D ( becauſe 2 1 
and by writing 1, for its NN HD 


. r- DSF. and = = RE = 
21 


_— 7) the verſed Sine of the Sum pf hs 
Angles at the Baſe. 

If the Area be required ; * beezuſe jt js 
proved at p. b. Lg A4? 


But we have alſo proved at p. 7-1. 3. 1 | 


* bee p. 6. I. 1. and. 20th. pr: 
which 


ü 1 
181 

which put for res- . a 

-A-. A; VS — BXB— 7) the I 


- — *- 


required Area. 


© * / | 
11 a MA * 


i 77 — 


P R 0 B. IV. ay! 5 
1 If there be given the Area, Perimeter, * one 


"Y. the 1 (as the Angle EGF) » of any 
riangle, to determine the rf See Sir Tags 
Newton s Algebra, „Pag. 103. 


HEN becauſe we have already proved cha 


wv P 3 
r 


Sine of the An le ECF: Hence W 

7 , gx © 5 + 
125,24. 5 e =, of, =4. Put 
Z for the Sum of all the Sides of the Triangle, then 


will Z B=$, which being multiplied by 4. gives 
71 (=84)= 3B, (ſee the the Equation p. ö. J. 1.) 


4 ; 


Ap ..1_ 24: Y+4 
37 . 1 =p, Which ſquared 


and ſubſtituted for 2 in the uation above, gives 


WIEN D 
n TE IGM 


u-. Ap + Pg PAM 
which divided as 4, gives 4 415 + 42 =Zy — — 


44 7 cal I 1 then will * 1 72—2.1 — 


NIN 3 —_— = the Coline of half the 
Z. 


Difference 1 the Angles -. 7 = —B the hac. 
PROB, 
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— — 
PR O B. V. 
In the Triangle EGF, ( ſee Figure 
- 2 72 


is given tbe Perimeter, or Sum of 

EG + GF + EF==Z, the Perpendicular GH 
b; and the Angle oppoſite fo the Baſe, to 
find the reſt. See Newton's Algebra, p. 162. 
or Hammond's Algebra, p. 282. 


SoLlur rox. 
Bezcavss it is found chat -—=— =Aand 


LY =p. (See p. 8.1. 12, and 16.) we have 


by ſubſtituting PET for A; LL =, hence 


by dividing p out of both Sides of the Equation, 
and dividing the Numerator and Denominator by 


4 5 we get 1 = *,* 25 . Z 
2 The Coſine of the Difference of the 
Angles at the Baſe ; and by ſubſtituting for y above, 
2 * 24 | Peril. » 

we have ET ar = B the Baſe EF of the 


required Triangle, 
If the Angit a> Is wo he Baſe = e 


and 6 are equal, and 


; 
5 
3 


N 
FI B e WR 
given by Sir Jaac Newton: 


0 PR OB. 


[10] 


FXMUS; VE 


Given the 2 GH = p, the Baſe 
the Angle (EFG) oppe/ite to the 


EF B, an 
© Baſe, to find the reſt. 


. SOLUTION. 


T is proved at p. 7. I. 1. 2590 B.- +." 
| Bx = Br —259Þ a 24 = _ — — 
Sine of the Difference of the Angle at the Baſe, 
which may be better expreſs'd, becauſe 25* = the 
verſed Sine of the Sum of the Angles at the Baſe, 
being call'd v, and 259 the Sine of the given An- 


gle call'd u; 2 2%, or rather v _ = 


z will expreſs the verſed Sine of the Difference 

of the Angles at the Baſe, Q. E. I. | 
Nete, It the Perpendicular had fallen without 

the Baſe, as Figure p. 1. then becauſe in the The- 


2 . 
orem (v wn =2x*) there is no Quantities which 


repreſent Coſines, nor any other which can from 
Affirmative become Negative, or from Negative be- 
come Affirmative, the Theorem v— a, will 
- univerſally be the verſed Sine of the Difference of 
the Angles at the Baſe. | 

Hence the Theorem will eaſily ſolve the Problem 
propoſed by Mr. Maſon in the Ladies Diary for 
1732. which in the ſucceeding Diary is ſolved by 
an Equation of the qth Power, 


PROB. 


the verſed _ 


I 


TX ”Y"'Y Y, & oo 


[11] 


„* 8 
—— —„ 


em 
n 


PRO B. VI. 


In any plain Triangle, as EGF, there is given 
the Side EG==a, the Side GF==e, and the 
included Angle EG F, to find either of the 
other Angles E or P; and alſo the Side EF. 


SOLUTION. 


UT Fand z to expreſs the Sine and Coſine of 
P the given Angle EGF, x and y to expreſs the 
Sine and Coſine of the Angle E, then find the Sine 
correſponding to the Sum of the Angles FEG and 
EGF, by Theorem 1. p. 3, viz, y + 2x, Which is 
Sine of the Angle F. And per Trigonometry as 
Sine of the Angle F: EG:: Sine of the Angle 
E: GF, that is, as 5y + zx: a:: #: e, and by 
multiplying Extremes and Means we get e + e 


es * | 
Sax. 05) =4X—e2x *,* —_— —=- the Tangent of 
a— 2 5 


Y 
the Cotangent of the 


Angle E. Again to find the Side EP, as the Sine of 
the Angle E: GF:: Sine of the Angle EGF: EF, 


thats, mxtiet:s = = B the Baſe EF. 5 


the Angle E, or 


6255 | 
= and = *. But per 47. e. 1. 14 1— 
B.— 252 2 SIN | EY 
— = y (Radius being - 1) *.* —77 
. —2 » 4 — 22 L 2 


161 
B 
=== * * 


9 a 
— and per Equation 2 7 =; 


2 
= conſequently &* — 242 + § = BP-es 
a- + O27 4 8 =B, or rather a 2 + * 
CY | =B 


— 


12 | 
= B* (becauſe 2. 5*=1) the Square of the re- 
quired Baſe EF, Q. E. 3% | 
Note, 2, in the Theorem 7 will paſs ; 
from Affirmative to Negative, if the Angle EGF, iſ 
become greater than 90 Degrees, and then it will be 
0; , #* | SLY 
Fry If the Angle EGF be juſt go Degrees 


then 2 , and therefore => If the Value of 


9 ſhould come out Negative, then it will de- 


A -e 


note the Angle F, to be greater than 90 Degrees, 
And Laſtly, If the Value of , come out infi- 


nitely great, that is if 4—ez=—o, then it will denote 
the Angle Z to be = go Degres. 

Alſo z, in * ade +&= BN, will paſs from 
Affirmative to Negative when the Angle EGF 
from being Jeſs than 9o Degrees becomes greater 
than 90. And then the Theorem will be 4a* + 24 
S the Square of the Baſe EF, Q. E. I. 

But perhaps it may not be diſagreeable to our 
Readers if we add another Method of finding the 
Angle E; which is very eaſy, thus from p. 6. J. 1. 
and 20th, where it is proved 98 = By and x BD 


2 - = — as 3D. ,0 1 
We ” 5 B and B= conſequently 7 br 
3 5 x 
2 75 „r S.: Dr: 79 the Tangent of half the 


Difference of the Angles E and F. And alſo from 
the foregoing Equations may be had g + £D® 
=B?, or ag + 2D*=2B?, which may be bet- 
reffed'; For 25%is'the verſed Sine of the Sum 
Angles E and F, which being called v, and 297 the 
verſed Coſine of the Sum called c ; then 8 
cc 


| ith the ſame Theorem which is commonly made 
Wc of for finding the Angle E, which is ſhorter 
en that we found before; but the former is more 


| 613) 

DN the double Square of the required 
aſe. E. I. 

It * obſerved, this laſt Method furniſhes us 


eful in the Solution of difficult na nad as will 
ppear further on. 


ere follow ſome very uſeful Thecus a ue 
of the foregoing. 


THrzoreM IX. 
As the Baſe of any Triangle : the Sum of. its 
pther two Sides :: the Coſine of half the Sum of 
he Angles at the Baſe : the Coſine of half their 
Difference. (See p. 6. I. 1.) 


THEOREM X. 
As the Baſe of any Triangle: 


the Difference 


f che other two Sides : : the Sine of half the Sum 
f the Angles at the Baſe : the Sine of half their 
ifference. (See p. 6.1. 20.) 


Turonzu XI, 

As four times the Area of any plain Triangle: - 
ts Perimeter : : the Difference betwixt the Sum of 
ics Sides and Baſe : the Cotangent of half the Angle 

Oppoſite to the Baſe. (See p. 6. I. 8.) 


THEOREM XII. 

As four times the Area: the Baſe Plus the Dif- 
ference of the other two Sides : : the Baſe Minus. 
the Difference of the other two Sides : the Tan- 
gent be halt the 1075 oppoſite to the Baſe. oy 
P. 7. 1.4) 


Tu EN 


We 2) 


TukoxEM XIII. 


As twice the Rectangle of the two Sides: their 
Sum Minus the Baſe into the Perimeter of the Tri- 
angle : : Radius (1): the verſed Sine of the Sum of 
the Angles at the Baſe. (See p. 7. I. 19.) | 


TuzoREM XIV. 


As the Perimeter of any Triangle: twice its 
Area :: the Cotangent of half the Angle oppoſite 
to the Baſe: a fourth Number, which fourth Num- 
ber being taken from half the Perimeter, leaves the 
Baſe of the Triangle. (See p. 8. I. the laſt.) 


TREOREM XV. 


As the Perimeter of any Triangle: twice the 
Perpendicular : : the Coſine of Half the Angle op- 
poſite to the Baſe: a fourth Number, which being 
added to the faid Seſine of half the Angle oppo- 
ſite to the Baſc gives the Coſine of Half the Diffe- 
rence of the Angles at the Baſe. (See p. 9. 1. 15.) 


TrxrtoReEM XVI. 


As the Baſe of any Triangle : to twice the Per- 
3 : : the Sine of the Angle oppoſite to the 
aſe: a fourth Number, which being taken from 
the verſed Sine of the Sum of the Angles at the 
Baſe, leaves the verſed Sine of the Difference of the 
Angles at the Baſe. (See p. 10. J. 12.) 
Thus having given the moſt uſeful Theorems, 


which flow from the Solution of the foregoing Pro- 


blems, we proceed now to illuſtrate their Uſes in 
the Solution of a Variety of Problems (which are 
taken from Sir Jſaac Newton, Saunderſon, Ward, 
the Ladies Diary, &c.) without the Help of Alge- 
bra ; that is, we ſhall ſhew thoſe who are only ac- 


quainted with common Arithmetick, and a Table 


of natural and artificial Sines, Tangents, &c. how 
| to 
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to ſolve moſt Queſtions which are to be found 
in Mathematical Treatiſes. 


EXAMPLES. N 

And Firſt, In the Soiution of Problem 4th in 
Waxp's Mathematicks, p. 316. 

Say per Theorem 9. p. 13. As 97: 137: : 
(the Coſine of half the Sum of the Angle ac the 
Hypothenuſe ) : —ĩ — =» 99870, Cc. 
which anſwers in the Tables of Natural Coſines to 
2* . 55 . 307. * Hence the Angles at the Hypo- 
thenule are 45* Plus 20. 55 . 300 47755 . 300. 
and 45* Minus 2. 55. 30%. 42. 4 . 300. Now 
per Trigonomgry, as Radius: H:: Sine of 42. 
4 . 300: 65 the Cathetus ſought. (which is eaſily 
found by adding together the Logarithms of 97 
and 42%. 4. 30%, Sc.) Hence the other Leg is 


72. ＋ E I. : 

In like Manner may the 6th Problem of Nxw- 
TON's Algebra be ſolved ; for it will be as 4B: 
AC + BC : : Geſine of half the Angle C: Coſine 
of half the Difference betwixt the Angles A and B, 
which being known the Angles A and B will be 
known, and then as Sine Angle C: AB :: Sine 
Angle B: AC. Q. E. I. 

Alſo by this Theorem we might eaſily ſolve the 
7th Queſtion in the Gentleman s Diary, for the pre- 
ſent Year 1743. and the required Sides would come 
out 20 and 22, 364 very near. 


ExAamMPLE II. 
See Problem 5th, WAR p, p. 317. 0 
Say per Theorem 10. as 97: 7 :: Sine 47: 
Sine 2. 55 . 30“ which is half the Difference of the 
Angles at the Baſe (or Hypothenuſe). Hence the 
Angles at the Hypothenuſe are 47*. 55. 3&. and 


Or better ſay, 97 : 137 : Coſine 45® : Coſine 20. 557 30 
| „ 


1 

42. 4 30%. 3 — be bund as in 
— laſt, to be 65 and 72. T 

And with hs ſame Eaſe might the Legs have 

been found if the given Angle had not been a right 

One. 


ExAmMPLE III. 


See Newrow's Algebra, p. 104, Becauſe there i is 51 
the Perpendicular IX Baſe 28 the Area is alſo 
given, which call A. and let. JB f. BC + CA=Z, and 
BC + CA—AB=D, then ſay per Theorem 11. p. 


13. as 44: Z:: D: 2 Cotangent of half the 


Angle C, which being known, we may by Theo 
rem 9. p. 13, find the Angles-Band C, 2 then the 1 


„ Þ kk yg ww 


Sides ſought. 2. E. I. J 
ExamPeLE IV. 

 Shewing the Uſe of Theorem 11. p. 13. in the Solu- ” 
tion of Problem the 4th in NzwTox's, Algebra, p. | 7 
103, Call the Cotangent of half the given Angle / ;. 
the Perimeter Z, the Area A, and the Side oppoſite ( 
to the given Angle x, then per Theorem 11. p. 13. | 4 
as 44: Z:: Z—2x:t, Hence 44. = Z*—2xZ + || 1 


— At 
292 Zagat", . r= ES — == 'BC 
I. 


the required Baſe. | 12 
| Whoever conſiders. the Trouble of the Solution. Q 
given by Sir Jaac Newton to this Problem, will, 1 
reſume, be pleas d with what I've done. And che 
eader is to obſerve, that this Solution ought to 
have been made to Problem-4z p. 6. But when I 80 
ut that down, I confeſs that I $a not ſee this eaſy 1 
Method of ſolving it, . 


ExAMPLE V. . 
Shewing the Uſe of Theorem 11. p. 13. in the 
=: Solution of the 19th Problem in Saunpe- p 
80's Algebra, p. 536: Vol. a. The-Comngnie' bf 5 


» 
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half the given Angle will in this Queſtion, be = to 
1. Put x for the Sum of the required 2 for the 


Area put A the Hypothenuſe h, then per Theorem 


a4A:x4b :: 4-6: 1. Hence x*—b=44 and 
2 IA = the Sum of Legs, which being 
known the reſt may eaſily be ſound by the forego- 


ing Theorems. 


But this Problem is r en by the lowing | 


55 


Tuson z XVII. 6 e 


As four Times the Ares of any. right-angled 
Triangle: the Hypothenuſe:: the Hypothenuſe 
: the Coſecant of an Arc, which is always double 
to the Leſſer of the acute Angles. 
For Example ; ſuppoſe the Hypothenuſe = 17 
ang the Ars; = 60, what are the other Parts of the 
le 
re (44=) 240: td. 17 17: 1,20416&c. 
( the natural Coſecant of an Arc, which is 
double to the leſſer acute Angle) which anſwers in 
the Tables of Natural Co-Secants to 56. 8/. 55. 


| whoſe half is 29 4 . Wo Then as Radius : 17 


: : Sine '28* . 4. 27“ : 8 the. Leſſer Leg of the 
Triangle, and therefore 18 n "4h. is 1 5. 


DD. =o Q ;, 
ain 


EXAMPLE VI. 


She wing the Uſe of Weorem 12. p. 1 3. in the 
Solution of Queſtion 224. Ladies Diary, 1741. 
ſay as four Times 796: 50 + 10 :: 50 — 10: 
„5376S. ( = the Cotangent of half the Angle 
oppoſite to the Baſe) which anſwers in Natural Ta- 
bles of Cotangents to 52*. 59/ . 34%. whoſe Double 
is 105* . 59 , 08”. Now per Theorem 10. p., 13. as 


50: 10 :; Sine 3 oo' . 26“: Sine 6%. 54. 51” 
5 D the 


Fg 


1261 


the Difference of the Angles at the Bae. Hence 


the leſſer Angle at the Baſe is 30%. 05/ . 257. And 


now the Problem becomes the ſame as Example 6. p. 


25. in Simpſon's Fluxions. Q. E. D. 
ExamyLs VII. 


Shewing the Uſe of Theorem 13. p. 14. in ſol- 
ving che 6th Caſe of Plain Trigonometry, Let the 
Sides of the Triangle be 562, and 320, and the Baſe 
800 (ſee p. 14. SHEKwin's Mathematical Tables 
applied to the Solution of the Caſes in Plain Trigono- 
metry). Then as 2X562 $320 : 562 + 320800 

-X 562 + 320 + 800 :': I : verſed Sine of the Sum 


of the Angles at the Baſe; that is, as 2X562 * 


6 eden is 82X1682 414841 
on; | 241082 :: 1: 275527320 562 X160 = 
2, 38346 c. which anſwers in the Natural Ta- 

bles of verſed Sines to 51%. 560. which taken from 

180 leaves 128. 04) the Angle 4222 to the 
Baſe, viz, the Angle ABC. G. E. J. 


Note, The Rule for ſolving this Caſe by Loga- 


rithmsis thus: | 

Add the three Sides together, and take half the 
Sum thereof ; this done, add the Logarithms of the 
half Sum, Difference betwixt the ſame half Sum 
and the Baſe ; and Radius, all into one Sum, and 
add the Logarithms of one of the Sides, to the Lo- 
garithm of half the other; then if this Sum be 
taken from the former, the Remainder will be the 
verſed Sine of the Sum of the Angles at the Baſe, 
which taken from 180° leaves the Angle ſought, 


For 


= ow = -> a. c cc i... 


- "Sg VS" 


L191 
* Example, in the 3 ABC ee 
above, 
& the Baſe = % 
AB the Side - 562 | 
BC the Side = 320 | 


The Sum 1682 


The half Sum 841 Log. 2.9247960 
The D of AC 41 Log. 16327839 
The Sum ＋ Radius is = 14. $375799=4 
The % | AB = 563: Log. 2960736 
Half the Side BC = 160 Log. EY 


n 


which —— from A, leayes . ann 
which anſwers in the Table of — verſed 
Sines to 317. 40. And 180˙ Minys 51 5&' = 
128˙ 4 = * Q: E. I. 


Exaners VIII, 2 i 


Shewing the Uſe of Theorem 14. p. 14. in the 
Solution of Problem the 4th in Ne wrox's Alge- 
Bra, p. 103. ſuppoſing BC + CA + AB=440. the 
Area of the Triangle BAC=6600, and the Angle 
BM =119) . 37/. Then per Theorem 14. as 440: 
13200: \ Co Nager $6* 18“. 30“: 20,00001, 
which taken from half 440, viz. 220 Leaves * 
BC the required Baſe, which being known, the 
other Parts of the Triangle are eaſily found per fore- 
going Theorems, D. 
. by this Theorem may eaſily be ſolved ** 
. Ward's Mathematicks, p. 320. For there 
re otangent of half the Angle oppoſite tothe wy 
pothenuſe being =I, it. _ be as 234: 4680 :: 


— 


ö 
4 


: [20]. 
20, which being taken from half 234, leaves 97 
for the required H ypothenuſe. Q. E. I. 9885 

ExAMPLE IX. 


L 


Shewing the Uſe of Theorem 1 5. p. 14. in the 
4 Solution of Problem 56. in NewToN's Algebra. 


Suppoſing AB +» BY CA = boo, and CD = 
120. Then becauſe the Coſine of half the given 


Angle AC g 18=,7071068 we have as 600 : 240 : : 


7071068 : „2828427 which added to 7,707 1068 
(== Cofine of half the Angle oppoſite to the Baſe) 
makes ,989949 which in the Tables of Natural Co- 
ſines vibes d= o8', which added to 45 gives 33 
o8', = Angle BAC, and taken from 45˙ leaves 
37* . of! = the Angle ABC. Now in the Trian- 
gles ADC and BDC is given the common Side CD, 


and all the Angles, to find the Sides AC, CB, DB 


and AD. Q. E. DP) . 
Note, If the given Angle ACB had been any 


other Number of Degrees than 9o, the Solution 


would have been as eaſy. 


Exaurræ Xx. 

Shewing the Uſe of Theorem 16. p. 14 in the 
Solution of the Problem propoſed by Mr: Mason, 
Ladies Diary 1731. ſuppoſing the given Baſe = 


187. the Perpendicular 204, and the Angle op- 


poſite to the Baſe = go. 300. (Becauſe if the given 


Angle be only 3o?, as in the Diary, then the - wa 


tion is eaſy by Mr. Butman's Method). Then 
the Sum of the Angles at the Baſe is 149* . 20“. 


And per Theorem as 187: 4CS : : Sine 30% g1/ : 


1,107903&c. which taken from the verſed Sine 
of 140% . 29). = 1,8614815 leaves ,752578&c. 
which in the Tables of natural verſed Sines agrees 


to 75% , 44/; the Difference of the Angles at the 


Baſc, 


4 * 
: 


(a) 
Baſe, and ſo the Angles themſelves become known, 


and then all the other Parts of the Triangle are found 
by the Rule of Three. Q. E. D. 

"Thus having given Examples, ſhewing the Uſe of 
the foregoing, Theorems, we proceed to the following 
Problems, which-cannot be ſolved by ſimple Equa=- 
tions (at leaſt not by TRY Pve a A 5.4 


* r * 
— — 


eon 


Having given the Baſe BF = B (ſee Fig: p. 
5. TN lain 9 and the Sum of 
"the rn and Sides, viz. GE +GH 
. +GF=n; to find the Triangle; fee New- 
* ton's NK ore. P. 163. 


SOLUTION. 


E CAUSE we have proved 9 = By and 
2p5y= SY (ſee p. 6.1.1. and 4th) and 
per Queſtion. S + p =» 3 15 * per firſt Equa- 


tion find S 2. which ſubſtitute i in the ad and 34. 


* we get 205 2 . 7 1 7 


; — ? which ſubſticuted for p in the foregoing 


1 gives 2q15—25By = BB. 29 
2 += ; adding 3 to both Sides, makes y* + 


2451 


ee 17 whoſe ſquare 


2 


Root is y 4 2 22221 - 2 1779 — 


the Coſine of half the Difference of the Angles 


- Af 


A — _ * . —— A EE 


Laa! 
at the Baſe, and 5 „ brogmes/=1 + 2 rf 


— — the Perpendicular * 3; but 


if the * 5 = 225 — — 127 
and then p = 


— 


l = 


# 
FT 
1 CO . * 1 


4 15 Rio O B. IX. 
Given in any plain Triangle { fre. Fi ) 
the Sum of the Sides. EG + GF=S, FI 72 


Perpendicular Hb. 10 find the. 7 riangle; 
| ſee Newton's Algebra, p. 164. 


Sorur fox. 


W. E have in the Salution of the foregoing Pro- 
blem if 2p R = y = x4 _ 
by adding = — to both Sides it makes Yon T: 7 4+ 


=p 26 whole Square Root is y — 12 
N = +1 = 77) which may be 


better 3 for is =} the verkad Sine of the 
Sum of the -Angles at the Baſe, which call ; v, 


| thenwill [=== Ii, which Values being wrote 


for Hand 4 and we have y= 2s — => 


the Coſine of half the Difference of the Angles at 


the Baſe ; Which will admit of a ſhorter _—— 
when 


a L 
gle is = 90 2227 


when the given 
At — And - 18 


Baſe of che W Triangle (aneh: we — is 


a much better car giver ty" Sr 
Jaac Newton, p. 165. 0 2.00 of his. Agebra) or uni- 


—— = the Baſe where 


veel in e Top” Xx 


v=the verſed Sine of the Sum of the Angle at the 
Baſe, and c = the verſed Coline of their Sum. 


N 


. 3 Wok ; 4 | |; | 
P ROB. X. 


In any plain Triangle, havi ng given the Sum of 
Sides &, and. the Sum of the Perpendicular 
and Baſe = m, to find the Triangle, See 
Newton's Algebra, p. 165. 


2 
aa 27. I. 15. where we have 2 


then will B ＋ p or m = of ap, 4 re- 
„ 


W . LN —— and: 5 = 3 becomes 
* 8 = B, l 

5m + VpPos*+ 2598* + Fm a if te given 
Angle be = gf, as in Sir aac Newton, then the 


Expreſſion will be much aeater 3 for then = 


AS3. 


ry 
m +V38* + 
OS Cs. I, 


A. " W 4 


0 
1 
| 

1 
| ] 
9 
1 
f 
' 

f 
| 
45, 
ty 
| 


—Þ »„— 


l XI. 


Given Ayr By + Do, to find x or y the Sine and 


* of ne of any requdred Arc or _ 


. 


"TE Equation divided by yx makes A = 


B-+D; But 7 =! the bo Tags of the re- 
quired Arc, l. x = {y *,* = = 2, whence by Sub- 


ſtitution it is A= - + Dt. At = Bo Du, and 


ſo the Problem 7 now be ſolved 17 a Quad. 
Equation. Q. E. I. 


—_— 4 4 


— q 


PRO B. XII. 
Given Ay⸗ + Byx + Dx? E, t0 find x 4 


Sine, and y the Co N of the Onur; 4 Are or. 


Angle. 


. „ 5 0n 


Murr ke E by x* + y* = 1. then the. 
Equatibn becomes 4 A Byx + Dx* = 


Ex* + Ey, which divided by yx, gives 45 "IEP i 


D ;=E7 + Ee. par” — 4 the Tangent of the 
5 required 


22 


and, =" ant | 
Ei + E, and 


tion. Q.. E. J. 0 


P RO B. XIII. 
By Mr. THOMAS BIRD. 


In the rectangled Tri- 
angle ABC is gi- 
ven, the 2 1 
muſe AC = 8,75 
Ab, and the Side 
the inſcribed - 
quare DG=6 = . Cons e 
a, to find the Side © 5 


1 the Triangle. 


So LUT ION. 


H the Sum of the Angles A and C is 45? 
whoſe Sine and Coſine call 3, and the Sine 


| 


© - OS * Seater, Ry” . * 
Sine of the Angle 4 Then fax, as 
. * © ' 4 td E : 
(D: (Radius): C- = „ and by a 


$ 


. * — i 
like Way of Reaſoning get =1 = AD. Hence 
ES * = þ = AC, out of Fractions it's 
J + 2 2 Hau by br contracted, 2ay 
| E = b5y* 


- 2 
Aby bi, and ſubſtituting 1 - for *, and 
bringing the y's to one Side of the Equation, it's 


2hsy*—24y=bs *,* 7 Y = ,5 the Square com- 


| pleted, Se. gives = Yy Sx 775 2 hi] the Co- 
fine of half the Difference betwixt the Angles 4 
and C. Q. E. I. | 
Otherwiſe put 2h= AC, 2x= AD — DC, then 
willþ + x = AD, and -u DC. And per ſimi- 


ab—ax_ 1 


lar Triangles, AD : FD: : DC: GC= F— 


per 47. e. 1. Bo + GC|*= DC|* that is — 

| N „ 6.45 * 
a -A which Equation, ordered gives x*= 
b + & + a V4# + a the Square of half the Dif- 
ference betwixt AD and DC. Q. E. I. 


The Sum of the Legs viz. AB + BC may be had 
by this Theorem S = @ + Ve +. (See p. 6.1.1.) 


And then their Difference by this, D= Vab - 
Other Methods of Solution from our ingenious 
- Correſpondents will be given further on. 


N. B. Since the foregoing Problems were ſent to 


the Preſs, I have thought upon better Solutions to the 
following than I could make when I finiſhed ' thoſe on 
ſimple —_— which I hope will be acceptable to 
the Reader in'this Place, (IP 


* 


P RO B. 


” .m as n 


[ 27 ] 
— als 


P ROB. MV. 


© 2 


S8OLlur ton. 


UT 5s and g to expreſs the Sine and Coſine of 

half the Sum of the Angles at the Baſe, and x 
and y for thoſe of half their Difference, and p for the 
the Perpendicular GH. Then per Trigonometry, as 
SES HEG: GH:: Sine . GE : EH; 


5x 
And Sine MM HFG : HG :: Sine Angle H 


HF, that is, ＋ g: p 9 — r 


9 
HF. Hence Dt miny minus Lr = EH — 
HF = b, which —.— to a common — 


and Teims contnited, © becomes == — — 


-u. But we have proved Digi Brad 


(See p. 7. 1. 1.) _ = — conſequently 


_ — . 2yxB = 2596, But it is proved at 
Pp. Gl. 20. x#B =; whence by ſubſtituting 5D 
for xB we get 2y:D=2549b *. 2 or as D: h:: 


qi) 


1 

* 
! 

” 

| 
}"q 
4.4 
( | 
4 1 
II 
fi 


bl 
114 
M1 
al 
| ] 
11 
1 
1 
a 
1 
"1. 
j 
wa 
þ 
| 
| 


126 
q: y, the Coſine of half the Difference of the An- 
gles at the Baſe, 


Or in Words it is Tur ek the 18. 


2 the Difference of the Sides of any plain Tri- 
: the Difference of the Segments of the Baſe 


N * of half the dum of Baer . at the 
Baſe : the Coſine of half their D 
— ien 2 CRCIIES +> << vas een, .... JU 
PROB, XV. 


In any plain Triangle, (See Fig. p. 5.) tet there 
be given the Baſt EEB, the Difference of 
the — of the Baſe, viz. EH— HF 
b, -and thr Angle EGF 
find the other Parts of the Triangle? 


SOT io N. 


ET the (known and unknown) uantities 
expreſs the farhe as in the Solution ti the fore- 


| going Problem, then will 2yzB=259b ; (See p. 27. 


1.21,)oras B: 51: 29: 25x the S of the Dif- 
ference of the "Anil at the Baſe.” 


Which put into Words, makes THEOREM 19, 


As the Baſe of any, Lin Tris ange: : the Diffe- 
rence of the Segments of the Baſe : : the Sine of the 


522 the Angles at the Baſe: che Sine of their 
ifference. 


PR OB. 


eto the Baſe, to 


th 
Yy 
b 


« 4, ws PA >.” 2.2 2 I 


« a4 


(29) 
LS , : eee eee een 


P RO B. XVI. 


In the Triangle EGF. (See Fi it given | 
| the Difference of F Sides 86. - b = 
| ' the Difference of the Segments of the Baſe 
* Fb, and the Perpendicular GH 
p, to find the other Parts of the Triangle 
(See Ward's Mathematicks, p. 322.) 


SOLUTION. 


Bzecavse we have r . 


, or which is the fame == — and 
alſo Db. (See 1. 18. und laſt, of the 27th Page) 


therefore by writing forge we ger = 


D K VD 
2 . 2pxb=ÞPy—yD? > => 270 or as 220: 


DD:: -D: as Tiga fl the Di 


rence of the Angles at the Baſe, And then ö: D:: 
y: q the Coſine of half the Surn of che Angles at 
the Baſe. 

Which in Words is TutzorRzM 20. 


1. As the double Rectangle of the Perpendieu- 
lar, and Difference of the Segments of "the Baſe 
the Difference of the Sides, Plus Difference of 
Segments of the Baſe : : the Difference of the Seg- 
ments of the Baſe, Minus the Difference of the 
Sides: the Tangent of half the Difference of the 
Angles at the Baſe, 

Then as the Difference of the ents of the 
Bale: the Difference of the Sides :': — 


30 
half the Difference of the Angles at the Baſe : : the 
Coſine of half their dunn. 


Exaurrz 11. See Ward, p. 322. 


Where we have D 20 6 = 495. and p = 
300. mY per foregoing Theorem 2pb : b+D: 


b—D: | that is, 297000 : 900 90: Tank 


of 1. 15 . 18“. half the Difference of bg 
Angles at the Baſe, - 
And per latter Part of as Theorem b: D: 


q; that » 495 : 405 :: Coſine 15 . 15. 18 : 


Coſine 3) . 52. 20 = half the Sum of the An- 

gles at t : Bale. Hence the Angles themſelves are 
-- 37'.11”, and 53? . O. 48”, And per Tri- 
gonometry, the Sides, of the Triangle are found 375 
and mw And the Baſe 720 E. I. 


P R 0 B. XVII. 


The Sum of two Sides of any plain 7 ade 

tbe Difference of the Segments of the Baſe, 
and the Angle oppoſite to the Baſe being given, 
to find the other Parts of the Triangle? 


SOLUTION, 


OR the Sum of the two Sides put &, and let 
all the other Letters expreſs the ſame as in the 


ri Problem 1 Men becauſe —— — 4 = yg? (See p- 


L 
45 l. 28.) ad -r. (See p. 6. l. 0 


2b 20 


— 


= =P; j | Forlſequently „K Sx, 


9 
or 


7 [31] 

oras$:b:: 5: x the Sine af half the Difference 
of the Angles at the Baſe. (Which being known 
we may per Equation, p. 6. I. 1. ſay as y: :: S: 
B the Baſe of the required Triangle). 


Or in Words it is THzOR BM 21. 


As the Sum of the Sides of any plain Triangle: : 
the Difference of the Segments of the Baſe : : the 
Sine of half the Sum of the Angles at the Baſe: 
the Sine of half their Difference. 


PRO B. XVIII 


The Sum of the two Sides of any plain Triangle, 
the Difference of the Segments of the Baſe, 
and the Perpendicular let fall from the verti- 
cal A wee 6 the Baſe being given, ebence 
to 2 the 771 of the riangle 7 


SOLUTION 


QOlxcs , and b=8x. (See p. 30.1. 24 


and latt) we have by ſubſtituting © for , wir | 


LITE * 2p Kerr. 2 8 0 


2ph:8$+b:: K-35 : 2, the Cotangent of half the 


Difference of the An Je at the Baſe. And 5: &: 


* : 5, the Sine of halt th e Sum of the Angles at the 
Baſe Q. E. I. | 


1 


* — Fa *— 5 — — "= —_ — a —— — - 0 a * = — 4 
. E ——= 2 -——_—— — — = — — — =>." * , „ —— = 
—= © BEES — — — — — — —— — — — * 2 = = 
—— — —4SNQ¾ b ——_ —— — — 
—— — = — —— == -— SES =  TERSE _ONE 8 * a _ 


E 
= 
_— 


— — - — yy 
2 3 = = 1 2 
7 = == SD2— ME_S =. 
—— — — — — — — 
7 


FE 


From 2 = = - weget Ta Ion IN 22. 


In any plain Triangle, as the double Rectangle 
of the Perpendicular, and Differepcg of. the Seg- 
ments of the Baſe: the Sum of the Sides, Plus 
the Difference of the Segments of the Baſe :: the 
Sum of the Sides, Anus the Difference of the 
ſaid Segments: the Cotangent of half the Diffe- 
rence of the Angles at the | Baſe ; 


EXAMPLE, XI. 

Shewing the Uſe of the fore oing Theorem in 
the Solution of Problem 13. Ward's Mathematicks, 
832 where S = 11565. 5 = 495- ep = 390. 

hence per Theorem 18. as 299000 : 1 Lag : 660 
— the Cotangent of half the Difference 
ae the Angles 0 ne Bak Which anſwers in the 

Tables to 1 obs - And 4957 1255. :: Sine 
I 


J. 
2 w d. Nis TA en 


at the Baſe; 
which being known, kg — themſelves are 
found 22. 3 115 an 


— 37 59 5 . Of « A and as 
ine22*., 37/ , 117: 2002: ius: 78 Sreatyy 
Side, Hence the tefſer Side is 37.5. bel. 


„% © -- 


PROB. EY By 8. D. | 
Suppoſe the Angle EGF=90*, (See Fig. p. 5.) 
aud there be given the Difference iy Logs 
EG—GF= and the Ratio of t 7 in 
EH: HF, He: b, to find . Tring 
SOLUTI1ON. 


ET # and y = the Sine and Coſine of the 
Angle HEG, then will y and x = Sine and 
Colne of the Angle H, and let p=GH ; then 


per 


OT * ws yoo 7 WT #3 & 7 


b 


0 by = a8 0 = 5 the Square” of the Tan- 
gent of the Angle HEG. Again, if z be put for 
FC, then will = ＋ 4 = EG; and pet Trigonome- 


xd 


2 


n ιj,jd xd αον ar 
E Q. E. I. | 


a. 4 * 


Cohen 


an ET”. 
By the late 8 ISAAC NEWTON, 


If at the Ends of the Thread DAE, moving 
upon the d Tack A, there are hanged two 
_ Weights D and E, whereof the Weight BE 
ſlides through the oblique Line BG given in 

Peofition; to find the Place f the Weight E, 

where theſe Weights are in Equilibrio, 


SOLUTION: 


UPPOSE the Problem 
done, and parallel to 40 
draw EF, which ſhall be to 
AE as the Weight E to the 
Weight D. And from the 
Points A and F to the Line 
BG let fall the Perpendiculars . 
AB, FG. Now ſince the 
Weights are, by Suppoſition, 
as the. Lines AE and = expreſs thoſe W 

thoſe 


— = 
- — 


; 
1 


þ 


1 
| 
k 
F 
4. 
| 1 
is 
l 
1 
4 


[34]. 

thoſe Lines, the Weight D by the Line EA, and 
the Weight E by the Line EP. Therefore the Body, 
or E, directed by the Force of its own Weight, 
tends towards F, and by the oblique Force EG 
tends towards G. And the ſame Body E by the 
Weight D, in the direct Force AE, is drawn to- 
wards A, and in the oblique Force BE is drawn to- 
wards B, Since therefore the Weights ſuſtain each 
other in Equilibrio, the Force by which the Weight 
E is drawn . towards B, ought to be equal to.the 
contrary Force by which it tends towards G ; that 
is, BE ought to be equal to EG. But now'the 
Ratio of AE to EF is given by the Hypotheſis, and 
by Reaſon of the given Angle EEG, there is allo 
given the Ratio. of FE to EG, to which BE is 
equal. Therefore there is given the Ratio of AE to 
BE. "AB. is alſo given in Length; and thence the 
Triangle ABE, and the Point E will eaſily be 

given, viz. make AB = a, and put x and y to ex- 
preſs the Sine and Coſine of the Angle Al B, Ra- 


dius — 1. then  : a: 1: AE — and x: 02:9 
:BE=Y 1 moreover le Arbe BE 1 in che given 


Ratio of F toe; fan it t will be ad: e: 2 my | 
—_— Extreams and Means, we have -, 
— dy = e 5 4 - the Coſine of 5 4 


AEB. Hence the Linh BE 6 291 is bd 


which determines the Place of the Weight: 15 
Q E. I. 


81 


1 


* 

: , PIT $2.21 ” 7 
1 

* - - 4 4 


tit, 


_—_— — ———— 


p R O B. XXI. 
By Mr. ROBERT HEATH. 


Three Ships A, B, 0. fail from a certain Place 
in North Latitude, until they arrived at three 
different Ports, all lying under the Equinoc- 
tial, A ſail d a direct Courſe between the South 
and the W:ft, 17 5,62 Leagues, C ſail d 13 
Leagues between the South and the Baſt, 
ſail'd a Courſe between A and C, 102 Leagues, 
making the Angle or Rhumb with A = the 
Angle C made with the Eguinoctial. Hence 
it is required to find the Port ſail d from, each 
Ship's Courſe, Diſtance from each other, and 
their reſpective Ports. 


SOLUTION, 


ET QQ re- 
preſent the E- P 


quator, put AP, . : 

b = BP, c = CP, | 

e = — and x = © EY | 
Sine of the Angle * 
APB or BCP. Then Qz B A 


r Trigonometry as 
Bp: : Sine Angle BCP : : PC : Sine Angle PBC 


7 \ and as 4 Sine Angle APB :: AP: Sine 


Angle ABP — 7. But the Sine of the Angle 


ax 


A3 is = Sine of Angle PBC. Hence = 


4 


F 2 LS 


: 1361 
2 , —7 AY 2. or as PC: PB :: PA: AB. 


And now there will be given all the Sides to find 
per Theorem 13. p. 14. the verſed Sine of the Sum 
of the Angles at the Baſe, viz. the Angles A and 
B, which taken from 180, leaves the Angle APB. 
4 A 5%. 39 Weſt) 8 g (7. 9) 

Courſe of 4B 4 . 47 Weſt by 0. 255 Req. 
. C 40 . 10 Eaſt 58 4. 7 


* 
. 


Q 


_ — — 


8 


— — —U—U— — 


p RO B. XXII. 
By Mr, HENRY TRAVIS. 


— A 


At Matlock, near the Peak in Derbyſhire, 


where are many ſurprizing Curiefities in Na- 
ture, isa Rock by the Side of the River Der- 
went, r:fing perpendicularly to a wonderful 
Height; which, being inacceſſible, I endeg- 
voured to meaſure in a Mathematical Method. 
From a Station at ſome Diſtance, (level with 
the Bottom of the Rock) I took an Angle of 
Altitude to its Top 47. 30“; and having de- 
. » figned a ſecond Station, I took an Horizontal 
' Angle of 87* . 5 between the Foot of the Rock 


and that Station; the meaſured Diſtance be- 


tuen the Stations was 4 Chains, and 29 Links, 
on Gunter)or 283,274 Feet. At that Place 
had an Angle of Altitude 40. 12“, but for- 
got from heuce to take en Angle between my 
firſt Station and the Foot of the Rock ; yet am 
in Hopes ſome curious Artiſt will, from this 
| | Data, 


n= aa tw. 8 


5 hls OE 


1 1 271 
Data, determine the Height of 
this Pupendious Rock, with a general Theo- 
rem for all Queſtions of this Nature? 


SOLUTION: 


N the annexed Figure is 
I given AB = þ = 4,2 | 
the Angle BAR =85*®. 5 1 
the Angle GAR=47*. 30. 
the Angle HBR = 40%. 12, 
the Angle BRH 9e = the 
Angle ARG, the Line 

Put = the Tangent of 
the Angle GAR, and T= 
that of HBR, n the Sine B 
Angle RAB, and y that of ABR, and let x=RB ; 
then per Trigonometry, as Sine BAR : RB: : Sine 


ABR: AR ==, and as Radius (r) : Tangent 
Angle RAG : : AR: CR. Again Radius (7) 
: Tangent Angle RBH : : RB: RH= — GR, 
7 


11 2 


per Queſtion, conſequently = = — ye. SO 


„„. or as 7: T:: M: , that is, Tangent of 


Angle GAR : Tangent Angle HBR : : Sine Angle 
RAB : Sine of the Angle ABR, which being 
known we find the Angle ARB =, Then Sine 
of Angle ARB: AB: : Sine Angle RAB: RB 
(=x). And Laſtly, Radius: Tangent Angle RBH 

:: RB: RH, Q.E.I. 
From the Solutions of the four laſt Problems the 
Reader may obſerve, that it is often the beſt Way * 
make 


D901] 
make uſe of two (o more) unknown Quantities in ile 
Solution of a Problem; "when the Solution may eaſi ily 
be had with one unt nom Quantity : Becauſe there i; 
no univerſal Rule can be given for the Election o 
Quantities which we are to make-uſe of for the Col. 


culus; ſo as to get the moſt N Solution that . the 
Nin _ admit ad 


PRO B. XXII.. 

Having given t, the Tangent of. an Arc, 10 find 
x and i the Sine and Co ne of double that Arc. 
Ae, = ende the 7 angent and Catangent of dou- 
11 Fu giv. ven Are, Se. 


SOLUTION. 


UT n IJ I Y to _ the Secant of the 
given Arc, then will | „» the Coſine of the I 

faid Arc, and > = its Sine ( Radius being 1 ) and 
per Theorem 1. and 2. p. 3. we get Z or L * " 
1— : I1—# it 


'= x and —— —7 05 DJ = the Sine and Coſine 

of the required Arc. Henc 7 — and 5 14 
— r the N and Cotangent of the required 
Are. And Laſtly, - f 1 and is +] is the | 


| Secant and e of the Fader Arc. 2 E. I. 
PRO B. 


( 
P RICO B. XXIV; 
Being the ſame with Prize Auction Diary 1725. 
Tbere is @ right-angled Triangle, where in a 
. right Line is drawn parallel to the Cathetus 
&- e or P er pendicular ) t e is. giuen tbe Catbe- 
20 tun c (24, ) that, Segment: ofthe Hypotbenuſe 
5 next to the Cathetus=b (15, and tbe alter- 
ad nate Segment of the Baſe—b (20, to find the 
0. other Parts f the Triangle. (See Ward's 
Mathematicks, p. 328. —?0 


Sou T ION. * 2012 1 

d rares mot ST 1 7¹ * Jes 
OR the Sine and Coſine of the Angle op- 
poſite to the given Cathetus put & and . (See 
the Fig: in Ward) Radius = 1, then ): U: X 


Um 


C YN bx ; 
172 Part of the Cathetus, and 1: bt: &: b 
bx 1 
3 che other Fart. Hence 3 + bx cn. bx + bxy 
LE r 27 —_— n bn 
or by Writing .- for x, and omar”, 
. abt. — ab c E 
r. | — , Which-re- 

, >” i +22]* - * 12 


f N I" 4 Io . LU 9000 
|} duced gives 2 u er c. In Num- 
bers it is 357 + 51 + 12. 12, which Equation 
ſolved gives t =,333447&c. which anſwers in the 
Tables of Natural Tangents to 18. 260. 27”. which 
doubled is 36%. 52/. 544 = the Angle oppoſite to 
the Cathetus, Q. E. I. 
A See p. 38. |. 18. 
PR O B. 


[40] 
P/R'O R XXV. 


loin Trial, ( ſee Fig. p 5.) 28 1s 
ww the Side GF = 4, a 9 


EH=6b, and 2 Angle Wag N 
of Degrees, to find — other Parts of the 
Triangle, | 


f $0LUTION. 


ET 3 expreſs the Sine en 
the Angle HGE, and 5 and thoſe of the ** 

gle EGF, (Radius = 1) then per Theorem 4 
qy.+ 5x = Cofine of the Difference —2 6s 
le EGF and EGH, viz. the Coſine of _ ur 
Sine of HF; then per Trigonemetry, as x:b:: 5: 


2 = GH, and 14:2: gy + 3x 1 agy + a 0 


conſequently 2 ay + am, and by 2 


at 1—7 22 
2 4 722 


duced, gives 24 5 8 * 


Toly'd * the Val E t, th ent of half the 
Angle HCE. G. E. I. 


2 Seo p. 38. — 


PRO B. 


— 


7. 


= I SZ 8=- 


In any right-angled Triangle, the Area, and 
Sum of the Hypothenuſe, when added to either 
Side, being | given, thence to find the Sides, 
&c. (See Ward, p. 326.) 

SOLUTION. 


UPPOSE the Arta = 1350 = 4, 120 
che Sum, Fc. And put x and y = the Sine 
and Coſine of the leſſer acute Angle, Radius = . 


then per 19. e. 6, a$8*:24::1+4*: v. Whence 
by multiplying Extreams and Means, we have ya 


K 222 — 24 = 
Ai os Oo rr 


x = =: (ſee p. 38. I. 18.) which being ſubſti- 
ruted for x and y, makes = = 24 therefore i: 
EF 1 

22, which Equation ſolved, gives !== 33344&c. 
which anſwers in the Tables of natural Tangent 
to 18%, 260. 27. = half the leſſer acute Angle. 
Q. E. I. 3 | 


G | PROB. 
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PR O B. XXVII. 


In any plain Triangle, as EG, (ſee Fig. p. 5.) 
there is given the Sum of the Sides FE + EG 
An, the Area of the Triangle= A, and the 
Angle EFG =any Number of Degrees 1what- 
faever, to find the other Parts of the Triangle? 


SOLUTION, 


UT 5and g for the Sine and Coſine of half 
P the Sum of the Angles E and EGF, x and y 
tor the Sine and Coſine of half their Difference; 
then will H—x = Sine of the Angle E, and 
Sy + qx will be that of the Angle EGF. Then per 
19. e. 6. *: A:: 259 +5) + q#|* : -,, and 
by multiplying Extreams and Means it's 29 

"<a 
I + 


N = AXT +59 Tele. But fe x and 


: = = y, (ſee p. 38. I. 18.) which Values being 
put for x and y, and the Equation ordered, will 
produce a Biquadratick Equation, which being ſol- 
yed, will give the Value of 7. | $ 
Otherwiſe, if x be put for the Baſe E, s and c 
for the Sine and Coſine of the given Angle, Radius 
=1, and the other Quantities to expreſs as before; 


1 ; 
then will = the Perpendicular GH, And per 


: : 24 8 2cA 26A 
Trigowometry s: : : HE = == * 77 

5 A 24 2A 24 
== XI, Again $5 * 2 * 1 . GF = x wt Wn 


= GE, But per 47. e. 1. KRI + H = Eo, 
that 


w yy 


erpe 
dicular GH, » = 
GE + EH, m= | 
HPF + FG, a = | | 
the Area of the E 


1431 
that hi VE 1 — is 4 72 
which Equation reduced gives 4 * > 2 
8 —.—— —4, which ſolved will give the 


* 


Note, If the given Angle EFG = 9 as in Ward, 
p. 326. then is = 1. and c = o, conſequently the 
Equation will then become () - + 4nA = 0, 
the ſame Equation with that in Ward. 


— 


P R O B. XXVIII. 


There is an oblique-angled plain Triangle, where- 
ina P icular is let fall from the vertical 
Angle upon the Baſe; the Sum of each Seg- 

ment of the Baſe when added to its adjacent 

or next Side, and the Area of the Triangle 
are given, to find the Perpendicular, and each 

Side. (See Ward, p. 327.) 


SOLUTION. 


Pine ger G 177 
" the Perpen- 


22 — 


Triangle HEG, 5 H | * 

and y = the Area of HFG ; then by the tion 

reſulting from the Ar of the laſt Problem (*) 
2 5 we 


14 
r- *** mans 3 


we get a= pd y wr — 


7 


» Hence 


Hg rr 
FT, 


the Triangle EFG, . n- Lr 45 A, 
which —_ ſolved gives the Value of #. 
Q. E. i. e 


— — * 4 e 
2 — 1 4 7 


P ROB. XXIX. 
Being the ſame with the Prize Queſtion in Diary 1722. 


In the. oblique-angled Triangle CAD, there is 
given the Side AD=68, and the Sum of the 
Sides AC + CD=148 ; alſo within the Tri- 
angle there is given the Line AB perpendicular 
to the Side CA. Thence to find the other Parts 
of the Triangle? | 


SoLuT1ON. 


UT C4+CD 
= 8, AD = d, 
AB; 5s and q for 
the Sine and Cone 
of half the'Sum of C 
the Angles CMA and - 1”. 
CAD, or, which is the fame Thing, the Coſine and 
Sine of half the Angle DCA; then will 24 and 
be the Sine and Cofine of the Angle DCA. 
And Laſtly, put x and y for the Sine and Coſine of 
half the Difference of the Angles CDAand CAD; 
then will 53z—zx be the Sine of the Angle D. Then 
Theorem 9. p. 12.45 d: S:: : %. dy=5Sq; again 
as 


[4] 
as 2%: d:: - CA 40d 2 25 


i ff C4 A, conſequently diy — de 
b, or by writing Sq for dy, it's $95—dow = 
Be -b. Sg + bp dgr, which ſquared makes 


$182 + 2Sbg8-2 Shopp?—20p3* ＋ + Pte Pan 
- (becauſe &y* Sey, or ſince y is = 
ix, dd =p of d- S =.) which 
Equation divided by *, makes & + 2.5 - —264£ 
—ab⸗ 77 45 298. Put : = the 
Tanga of half ch Sum of the Angles D MP 
CAD, then will f = and . = i which be- 
ing ſubſtituted ” $44 8 above, gives 


Kasbah ab + PP ** ＋ = 2 mt | 
wh v6 + 28bP==2Sbt—20t + PP + Þ = + 
7 +8? — 
di-. Hence * + 2SbP —— PN Pant Sbt +Þ*) 
— +8 


o, and-this Equation ſolved, ives =, 600003 c. 
the Tangent of 30%. 57/ . 5& = half the Sum of 


the W CDA and CAD ; and per Theorem 9. P. 
13. „= & Coline of . 55 . 04” = half their 


Dil Shes hs Angles are known, and 
per Trigonometry, as the Sine of the Angle DCA? 


AD: : ine of the Ret CDA: CA=48. E. I. 


N. B, 


5 is the Sum of the 


: | 

[0:66] | 

N. B. If the n in o of 

Ward's Mathematicks, was when, & £ Gera 
Theorem as that above, i it alley — thus: 


＋ 86282 
=p N gr 2 45, hn 
71. 085 HS 8. . 4 


=0, Where a AC, and the other Letters as in the 
foregoing Solution. 


P ROB. . 
Being the Prize Queſtion in Ladies Diary 1727. 


In the Triangle AB D is given the two Sides BA 
80 = b, BD=108 = d, with the included 
Angie ABD= 55 Degrees, as alſo BO = 50 

pz; required to draw the Lines AO and OD, 
Jo that the Angle AOB may be equal to the 
Angle DOB? 


SOLUTION. 


UT 5s and 

to expreſs the 
Sine and Coſine of | 
half the given An- 
gle ABD, which 


* 


Angles ABO and — 
OBD; and let x | / 

and y be the Sine | 
and Coſine of half Tor 


their Difference, 5 
Radius = t, then will 5y—qx and qy + 5x be the 


Sine and Coſine of OBD, (if the Angle OBD be 


leſs than the Angle — ) Then per Theorem, 
p. 11, 


(47) 


—4 
p. 11, I. 16. find 2875 = = = the Tangent of he 
bsy + box 
Angle DOB, and : Dr that of AOB, 
bey + box 


which per Queſtion are equal. Hence po 
dsy—dax 


e Which multiplied out of Fractions, 
and the Equation contracted, makes pdge =dÞsy = 


2dþyx= pboy-pbax. And by writing GY, for x,and 


— 
— for y ; (ſee page 3% lng36) and reducing 
the e we have 2 | 
+ 2 % + 29 e 
ds - + ds f 
+ « rp t + 25877 p+? f=t which 
4⁴⁰ +. 4db 25 5. ad, 
Equation ** "S ſolved, * give the = of 7, 
— is the Tangent of one fourth' Part of the 
TY = betwixt the Angles 1 and OBD. 
Jf the Angle OBD be greater than the An 
OBA, then 5y—qx and gy + 5s, which in 22 
| gand 4 are ſaid to repreſent the Sine and Cofine of 
' Angle OBD, ſince they always belong to' the 
reater of the two, will ſtand for the Sine and Cofine 
* the Angle OBA, whence it will come io paſs, that 
in what Manner ſoever -& and gy + 3s were re- 
=_ to d in the preceding Solution, they will now 
ob; and bowever sy + qx and M were. af- 
vide with b, they will now be with d; and fo by 
writing every where d for b, or b for d, "and. recain- 
ing the $ - ns in 2 foregoing "final. En, the The- 
15 wil 


4+ 2pbqF + 256 
* —8Ä— t 4 29 70 p+2hs 2 1. 223 hr 
is the ho as nf N. B. 


CB 


[48] 

N. B. The Solution to the foregoing Problem is ſaid 
to have bufied the ableſt Mathematicians in Europe, 
See the Problem in RONAYNE's A p. 


— 


— 


PR O B. XXXI. 


By Mr. ROBERT FEARNSIDE, 
eing the Prize Queſtion in the Ladies Diary 1733. 


Given in the right angled Triangle ABE, the 
Baſe AB = 95,23, the Angle DAE = 15? 
the Line CA biſefting the Angle BAE an 
making BC=CD; tofind all the other Parti 
of the 7 iam. 


3 


. 
* 
1 ! _— — 
* 
: 


SOLUTION. 


the — BAD = 5s 
Sine of the Angle CAB 
EAC = x; then the 
Sine of double the An- 
gle CAB, 1. e. EA will * 


Vill be **. Co- 


ſine e tb:: 


= AC = 
"= D 7 _2bx 

= m7 | 

1 . then 1 — ar: „ 


ny 22 l then CE will be = = 
$M "I 
4 


— 


AD 


. WV} 


KZ 


5 unn —— v9 


| kako 3. 6 Zut. ö: rad. 
be hs bs TEX] 


N Dre 


= ax I—X 


ply Extreams and Means together of this Analogy 
and cancel , A 


— oe VT + 3a, 


- * 8 
1t—2xx / 1—x —_ . . = 0g Aer 1 


multiply both Parts of the Equation by 1A 
Vi=xx and there comes out # = 2 +5 
*I / 2x) 5 IDTIAS and 8 
4x5 — 3 = 55, Q. 21 5 


Otherwiſe, ate | 

Put x and y to expreſs the Sine and Colihe of the 
Angle BAC or CAE, and call AC 1; then wy 
x = BC = CD. And Laſtly, put 5s and 44 to 
preſs the Sine and Coſine of the —4 Angle DAE, 
then 21x and y* — K* will he the Sine and Coſine of 
the Angle BAE; gy *— 2 + {97 be the Sine and 
Coſine of the angle ADC. And Laſtly, gs — 32, is 
that of CAD, then as Sine Angle 4 50. $$ 
Sine Angle CD! CD, that. is * = e +295 : 1 

: x — : x, and by multiplying Extreams and 
Mans 4 — * + 259%" = qx — , a nd by Tranſ- 
poſition 29% + /5y __ gx L . gxy* = 29x?, and 
by ſquaring both Sides of the Equation, and writ- 
ing I—x* inſtead of c. we get=4x* + 3 ＋ 
=0, 0I—-2 X2x* X23" A + 32 RKH. 
But ax is the verſed Sine of the Angle BAE, which 
call v, and 2% is the verſed Sine of 30 the 
double of 3 DAE, which call 2 3, then the 


4 Equa. 


[ 30 ] 


Equation will become av 3pv + 2p=0. Hence 


i LEES: . * ; ot 4 
v = Vip +3p VISTA Yip —3p VISTA 
—,64041&c. hence CB or CD=65, 36264; AD= 
161,73382 AE=264,87441; BE — 247.1633 1 

| * 


and the Area of che Triangle ABE= 1176: 3: 18. 
Q. E. I. | 


—— 
8 


PR O B. XXXII. 
By Mr. JOHN WATTS. 


Let REBS repreſent a Chimney whoſe Width 
EB, (c.) and Height ED, (b. from the 
Mantle-Tree to the Floor is given, its re- 
quired to find the longeſt Pole, as GA, that 
can poſſible be put up this Chimney, 


2 


SOLUTION, 


| UT xand y for 
P the Sine and Co- 
ine of the Angle 
DGE Radius = 1. 
Then per 1 
y, as 1: b: lie 
= GE, andy: c:: 


1 F = EA. Hence 
2 +; = GA, which 


« | 

per Queſtion muſt be 4 

Aa Maximum, and C ieee | 
Werefore its Fluxion © TS 


151] 
— SLE o. But per 47, e. 1. +5 = 1 | 


which put into Fluxions, makes 2xx + 25 = 0*.* 
xx = — y, which ſubſtituted for —y above, makes 


" 

xb xe ET ES >. Kd. 
"SI. = 0 *, '> +5 05. = by 
5; = = the Cube of the required Tangent of 


the Angle DGE. Q. E. I. 


HV be pur for AB, then becauſe x : Z: 27: c we 


| 1 „ E b 
| W c 


= be,  whichis the Cube of AB, Q E. L 


W's PR OB. 


141 | 
K R OB. xXXXIII. 
Propeſed by. Mr. JOHN TURNER, 


In an oblique-angled 

given the hele of . 
Side equal to 1075. oo; and a Line drawn 
from the ſaid 


the Baſe, is known: to be 37 Poles, ata 1 
Angle which the ſaid biſſeti ng Line makes 


with the Boſe is * 2 te Sides 
of the Trianghe. m_ 4 


The Sorg ron 16 * Me. R. 6. 


ONSTRUCTION, aſſume BX = any 
Number of equal Parts at Pleaſure 3 ſuppole 
48. and make xC 
=XB, Then up- 
on BC deſcribe 
an Arc of a Cir- 
cle BAC, capa- 
ble of containing B 
an' Angle of 
107*. oo by the N 
3d Propoſition 
of the 3d of Euclid. Then make the Angle BxA 
. = 75* . oc and draw the Line xA, and then AB, 
AC. Upon xA ſet of xn = 27. and draw the 
Lines nK. ns parallel to BA, CA; ſo is the Tri- 
angle And the Triangle required. 

Calculation, draw thro* the Centre R of the 
Arch, the Diameter MN, parallel to the Baſe BC 
of the Trian le, join the Points B and R, and 
fro m R let he Line Rx fall perpendicular to the 


Baſe 


lain Tria ley there is 
te to _— Baſe. or longeſt. 


agu Point to the Middle: © A 


1821 
Baſe BC; then becauſe BC is a Chord parallel to the 
Diameter Mn, and Nu perpendicular thereto, Rx 
ſhall biſſect the Baſe BC in x. Now the Arch 
BAC, wherein the given Angle BAC is contained, 
is equal to the Semicircle' NAM, Minus the Sum 
of the Arches BN and CM; and fo the Angle 
BAC ſtands upon a Semicirele, Plus the Sum ofthe 
Arches BN and CM; but from the Elements of 
Geometry (vide Euclid, P. 20. lib. 3-) it is known, 
that the ntity of an Angle made in the Periphery - 
of a Circle, is meaſured by half the Arch upon which 
it ſtands ; conſequently the Angle BAC is equal to 
9 + EY +2. but becauſe of the Paralleliſm 
of the Lines NA and BC, the Arches BN and CM « 
are equal; and fo IE 90 + 50 is =, 
the Angle BAC = 10% . oo and Bn = BAG + 
99 == 107˙— 90 = 17. 6 ©o',, But the Arch Ba 
meaſures the Central-Angle BRn ; and becauſe the 
Angles BRn and RBx are alternate Angles made 
by two Parallels, they are equal, and conſequently 
the Angle RB is = 1%. o whence becauſe of 
the right Angle at X, the Angle Rx is 73*. oo 
wherefore having aſſumed Bx- of any Number of 
Parts. of a homogenial Denomination, to thoſe = 
wherein the given Line Ax was meaſured (ſuppoſe 
48) and the Apgles RB, BNA being known = + 
17% O and 73“. oo in the right-angled Trian- 
gle BRx, wemay find BR =, 50,2 Poles, and Rx 
— 14,7. But RA = RB, as being Radii of the 
ſame Circle, and the Angle AxR = 165®. oo 
(doe more the Angle BxA). Hence in the Tri- 
angle AxR we have ſufficient to find Ax = 30, o. 
Now the Triangles BxA, Mun being ſimilar, as 
Ax :xB : : nx: xK = 36 Poles ; conſequently KS 
= 72. , xn = 39,0.60 = g$O43- TE 5 
362 9 ALGE- 


25 [54] 


ALczBRA1C SoLUTION. 


UT x = R x5, 4 = xn, and let s and q 
be put for the Sine and Coſine of the Angle gle 
Sxn, then will s and — q expreſs the Sine and Co- pet 


ſine of xn. And Laſtiy, let t, expreſs the Tan- 
gent of the given Angle Kn, then per Theorem, I2 


: 5x a 0 vo ' 
p. 12. |, 3. Fr" Lax Tangent of the Angle Au BW th 
and —— Tangent of the Angle xns. Hence i we 


4-4 | 
per Theorem 5. p. 4. find the Tangent correſpond- a 
ing to the Sum of the Angles Knx and xnò, viz. 


* e = — = ft (the Tangent of the f 
Angle AnS) which Equation ordered, gives , = * 
ee er EY - 
== Kx the Semi-Baſe. Q. E. I. di 
bo r 4+ 
PROB. XXXIV. . 

By Mr. JOHN BAD DER. 2 

c 


In the anne d Triangle EGF, are given EH 
a4, HF = b, HG = c, and the Angle 
EGF = any Number of Degrees whatſoever, 
to find all the other Parts of the Triangle? 


SOLUTION: 


UT - and y to expreſs the Sine and Coſine of 
the Angle F, then will x and — y, be the 
Sine and Coſine of the Angle ZHG, and per Tbeo- 


rem 


rem, p. 11.1. 16. 
2 =T=Tan- 


c—y0 
gent of the An- 
gle HGF, and 


per Theorem, P. E. 


12. I. 6. 

4 + > 
= t = Tangent of the Angle EHG. an 
th: Tangent of the Angle EGH, and that of HGF, 


we may per Theorem 5. p. 4. find LES = (after 
a due Reduction, and a Subſtitution of 1 for #* +. y*) 
—_— ' 

AER * the Tangent of the Angle 
EGF, which Equation multiplied out of Fractions, 
makes #bc + xac 8 + mac — nba. Fut 


n for a, and for y. See p. 38. 1. 18. re- 


duce the Equation and it will come out 
+ anc + anc 


w—-(C} 


ſolved will give the Value of t, the Tangent of half 
the Angle FHG. Q. E. I. 


Ober- 


(6) 
, : 
Otherwiſe without ALGEBRA, | E 


Upon EF deſcribe an Arc of a Circle ECF, ca- the 

pable of contain- | 

ing the given An- . 

gle per 33. e. 3. | 

draw the Radius | 

he Points C and ⁊ͤͤ 

H with right)  \p | = 

Line, and draw * one ry „ 1 

the Diameter A n | 

parallel to EF, And Laſtly, draw the Perpendi- 

cular Cn from the Cenrre C, to the given Baſe EF; 6t 

then (becauſe the Angle C En may be ſhewn by the 

Argument made uſe of in Problem 33. p. 53. J. 21, 

and 22. to be always to the Difference betwixt the 
given Angle EGF and go Degrees) we have in the 

Triangle Cu, all the Angles and Leg nF given, to 

find Cu, and CF=CG , then in the Triangle CH 


is given Cy and #H — >, to find per 47. 6. l. 


CH, and then per Trigonometry the Angle CHa, 
which taken from the Angle CHG, which may be 
found from the Values of CH, HG and CG, leaves 
the Angle EH, then there will be given ZH and 
HG wich the included Angle E IC, to find EG, 
Se. Q. E. D. ” 80 | - 


The Reader may obus from Solution of this 
and Problem 24, 25, 26, 29, \# 30. be great Uk 
„5 31 t 

of the Expreſſions r ond TIT 
keeping Equations clear 7 Surds : We ſbewed bim in 
Problem 23. their Inveſtigation, and ſhall here juſt 
bint to him, that the Tangent is ever expreſſed by 
b 929 q | 2c 


* 


= 7, in 


Se bs S . 


— . an 4 wa 


(91 

t 1—t? | t +2 

b the Cotangent by At the Secant by == 

| * 

the Coſecant by =, the verſed Sine by 1 N 5's 

I +L 

of the Obtuſe by NA 3 the Sine of the double Arc by 

. e by Teen, the Tangent (of 
1 + Pl? 1 + oy 

the double Arc) by = , its Cotangent by 


r the verſed Sine of the double Are 


2 b. its Double be leſs than (go or) a Qua- © 


i. e. the verſed Sine of the acute Arc by —=—» and 


drant, ad e if greater, All theſe Things, be- 


longing to the Arc whoſe Sine is x, and Coſine y, art 
eaſt found from the common Properties and Pro- 
portions of Sines, Tangents, &c. and are chiefly va- 
luable upon account of their Rationality, whereby they 
keep the Proceſs wherein they are uſed from the Incums 
brance of Surd Quantities. We may perhaps make 
ſome further Uſe of them in the following Part of our 


Wort: But if we do not, the Reader will ſcarce. 


grudge the Expence of this ſmall Scrap of Paper 
wherein we have ſet them down. And now having 
ſaid enough to enable our Reader (with a little Prac- 
tice) to give the moſt conciſe and elegant Solutions to 
any Problem, either in Geometry or plain Trigo- ' 
nometry, we hall deſiſt. giving any more Examples 
of this Kind, and make a Tranſition to Spherics, 


1 SepH y- 


9 © wa + f) + Com WO WW PAR YU 77 a 7" WW ww wy W/ YT _ - W/ 


_— Et. BS. 


——— 
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SPHERICAL T RIGONOMETRY.. 


| Der1iNI1TIONS. 


I. | F a Sphere or Globe be cut by a Plane paſ- 

ſing thro* its Center, the common Section 
will be a Circle, whoſe Radius will be the Radius 
of the Globe, and its Circumference will encom- 
paſs the Surface of the Globe: Such a Circle is 
called a great Circle, 

2. But if a Sphere be cut by a Plane not paſſing 
thro' its Center, the Section will be a Circle, the 
Radii of which will be leſs than thoſe of the 
Sphere; ſuch a Circle is called a-/efer Circle : Or 
thus, if we conceive a Circle drawn upon a Globe, 
and the Globe cut thro? that Circle into two Parts; 
if the cutting Plane paſſes thro' the Center of the 
Sphere, and ſo divides it into two equal Parts, that 
Circle is called a great Circle; but if the cutting 
Plane paſſes belide the Center, and ſo divides the 
Sphere into unequal Parts, the Circle is ſaid to be a 
leſſer Circle. | 

It follows then, that of the Circles of the Sphere, 
the Meridians, the Equator, the Ecliptic, the Ho- 
rizon, the Circles of Longitude, and the vertical 
Circles, are great Circles; and the Tropics, polar 
Circles, Circles of Celeſtial and Terreſtrial Lati- 
tudes, Circles of Altitudes, and in general, the 
Secondaries of any great Circle, are leſſer Circles, 
And beſides theſe more uſeful, and commonly 
known Circles of each Kind, which are here men- 
tioned only as Inſtances of the Difference of one 


Sort from the other) there may be conceived an 
I 2 iafinite 


infinite Multitude of both Species, drawn in diffe- 
rent Poſitions to one another, as different Occaſions 
ſhall require: But all theſe innumerable great Cir- 
cles, as having each a Radius equal to that of the 
Sphere, will, in the ſame Sphere, be equal to one 
another; whereas of the leſer Circles, tho“ ſome 
few, under particular Circumſtances, may happen 
to agree in Magritude ; yet nothing is more evi- 
dent, than that others may diſſent from the Size of 
one another in any imaginable Proportion. 

Upon Account of this Incquality of Radii, and 
Diverſity of Magnitude among the leſer Circles, 
they are not at all uſed in Trigonometry; but Sphes 
rical Trigonometry is wholly concerned about the 
equal great Circles of the ſame. Sphere; and ſo, 

3. A Spherical Triangle is that whoſe Sides are 
Arches or Parts of three great Circles of the Sphere, 
or Globe; or a Triangle made by the joining to- 


gether, upon a Globe, three Parts of one and 


the ſame great Circle, as a plain Triangle is made 
by joining together three ſtraight Lines. 

This is a ſpherical Triangle, and Spherical Trigo- 
nometry is that Science. which teaches, from three 
given Parts of a ſpherical Triangle, whether Sides, 


Angles, or a Mixture of both together, in ſome 


Caſes, with the Affection of ſome of the unknown 
Parts, to find, not the real Lengths of the Sides 
(as in Plain Trigonometry) but the Meaſures in cir- 
cular Notation (i. e. in Degrees, Minutes, Sc.) 
of the other Sides and Angles, 

If the Delign of Spherical Trigonometry were to 
calculate the preciſe Lengths of the Sides of ſpheric 
Triangles, it would be requiſite, not only that the 
Sides ſhould be Portiops of great Circles of the 
ſame Sphere, but alſo that the — or Radius 


of the Sphere ſhould be known, that ſo, when the 


Number of Degrees contained in any Arch was 
known, the ch itſelf might be expreſſed in com- 
| | by mon 
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mon Meaſures: But as this Science reſts in the 
Knowledge of the Number of Degrees, Minutes, 
&c. contained in any Arch, 9 enquiring its 


Length, it is only necefſary * Parts of any 
Triangle of this Kind * — 
the ſame Sphere, that ſo, by ks * — the 
Magnitudes of the whole, the Leng of Gmilar 


Parts of the ſame Triang le may bs the ſame; a 
Degree 1n one Part of the Triangle equal in _— 
to a Degree in another, &c. Wherctore as all 
Spheres are fimilar Figures, and ſo the 
&:. of one correſpondent to thoſe of another, the 
Radius of the Sphere from whence all ſpherical 
Triangles are taken, is ſuppoſed to be Unity, that 
ſo the ſeveral Parts may be the better adapted to 
the Tables of Sines, Tangents, Sc. which are all 
calculated to that Radius, 

1 A ſpheric Angle is the Inclination of the Arches 

f two great Circles of the Sphere, meeting in a 
Point towards one another, and is the ſame with 
the Inclination of the Planes of thoſe Circles which 
conſt itute the Angle. 

5. If you ſuppoſe a Point any where upon the 
Surface of a Sphere, and from this Point conceive 
5 Line drawn thro? the Center of the Globe to the 

poſite Surface, the Line ſo drawn is a Diameter 

n. the Globe, and the two Points Joſt mentioned 
upon the Surface, will lie diametrically oppoſite z 
then if you ſet one Foot of a Pair = es 
(fit to deſcribe Arches on a convex Superficies) in 
one of theſe. Points upon the Surface, and extend 
the other half-way to its Oppoſite, and with that 
Interval ſtrike a Circle quite round the Globe, the 
Circle thus deſcribed: ſhall be a great Circle, and 
the two oppoſite Points in the ſpheric Superficies its 
two Poles, Hence the Poles of any great Circle, 
are thoſe two oppoſite Points upon the ſpheric Su- 
perficies, from whence if a right Line be drawn 
thro? 
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thro? the Center of the Globe, it ſhall be perpendi- 
cular to the Plane of that great Circle. If another 
great Circle be ſuppoſed drawn thro' the Poles of 
any given great Circle, the Poles of the given great 
Circle ſhall divide the Periphery of that ſo drawn 
into two Semicircles; and therefore, as all Circles 
are divided into 360% the two Poles lie 1800 diſtant 
from one another; and ſince the Circle lies in the 
Mid-way between its two Poles, it lies 90* from 
either Pole, Hence the Pole of any great Circle 


lies a Quadrant, or go?, from the Circle, meaſured 
upon the Surface of the Sphere. 


PRINCIPLES. | 
1. If two great Circles interſect one another in 
any particular Point of the Surface of a Globe, and 
be both continued from that Point either Way, 
they will, for a while, recede farther and farther 
from one another, till they both become Quadrants, 
when their Aperture will be the greateſt ; then ap- 
proaching towards one another, in the ſame Man- 
ner as they before parted, they wil} unite and croſs 
one another again in a Point diametrically oppoſite 
to the firſt : For all the great Circles of the ſame 
Sphere are equal, and any two equal Circles whoſe 
Centers coincide, but their Planes make an Angle 
with one another, will croſs one another in two op- 
poſite Points. | | 
Hence it follows, that every Side of a Spheri- 
cal Triangle is leſs than a Semicircle; for if one 
were a Semicirele, the other two would become but 
one continued Arch, whence one of the Angles va» 

niſhing, the Eſſence of a Triangle would be loſt. 
2. If from the angular Point of any Spheri- 
cal Angle, as from a Pole, a great Circle be deſ- 
cribed, the Arch of this great Circle contained be- 
tween the two Arches which form the Angle, 
continued till they be Quadrants, is the — 
that 


6 


—:: , wn I a wt 
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that Angle ; or in other Words, the Meaſure of a 
Spherical Angle, is Part of a Circle deſcribed upon 
the angular Point as a Center, and int be- 
tween the two Legs which form the Angle, con- 
tinued till they become Quadrants. Now as this 
Arch, which is ſaid to meaſure the Spheric Angle, 
lies 90 from the angular Point, it muſt conſequent- 
ly lie in the Mid-way between the firſt and 
Iaterſections of the Arches which form the Angle, 
and ſo, as it may be conceived to be deſcribed as 
well from one of theſe Points of Interſection as the 
other, it indifferently meaſures either Angle. 

3. If an Arch of a great Circle interſe& another 
in any Point, it makes the Sum of the Angles on 
the ſame Side the Arch it interſects equal to 180?, 


* 


and the vertica} Angles equal, as in right Lines, 
4. From the two laſt Princi- op 

ples it follows, that if any two 

Sides, AB, AC of a Spherical 

Triangle ( ABC) are extended 

till they interſect one another 

again in D, the Angle BDC B 

ſhall be equal to the Angle > 

BAC, the Angle BCD equal C 

the Supplement to 180% of the 

Angle ACB, and the Angle 

CB equal the Supplement to 

180 or a Semicircle of the 

Angle ABC. Alſo ſince (by 


Princip. iſt) the Points A and 


D are diametrically oppoſite, and ſo ABD and 
ACD each Semicircles, the Side CD will be the 
Supplement to 180 of the Side AC, and the Side 
BD of the Side AB; wherefore the Triangle BDC 
and ABC have the Side BC and the Angles BAC and 
BDC common, and the other Parts in one Tri le, 
the Supplements of the like Parts in the other. 
ts; W hence 
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Whence the Triangles ABC and DBC are called 
emental Tr in to one another; 
ſince the Sine of any Arch, and of its Supple- 
ment to 190, are exproſſed by the fame Num 
it will often ha that white we intend ſolving 
one Tri (tuppoſe ABC), we ſhall in reali 
find ſome of the Parts of the ſupplemental = 
(BCD). , This ought to be obſerved. 

© In ſpherical, as in plain Triangles, 


I 
Sides ſubtend equal Angles 3 Ifofceles Triantle 
have two equal Angles oppoſite to the equal Sides; 
Equilateral Triangles have AD Angles equal, and 


the greater Sides and Angles _— 
another. Alſo in two” Ne 
„the Angles they bels wil be grenere 
el as the Baſes are, 

6. Triangles mutually equilaters} are alſo mtu 
ally equiangular. Et contra, 

7. In two Triangles, if one Angle 200 the two 
including Sides be teſpectwely equal, or if one 
Side and the Angles adjacent be ſeverally equal; 
then the two Triangles are equal; for if laid upon 
one another, they would perfectly conuetr in every 
Part, and cover one another, 

8. Two Sides of 4 Spherical; as well as of s 
pry 3 are abways greater that a Third z 

or the Arch of a great Cirete 1 Diſfance 
between two Points upon the Su face of a Sphere, 
as a right Line is between two Points upon a Plane, 
Theſe three laſt Properties are demonſträted as the 
ke Properties of a plain Triangle are. 

9. The Sum of the three Sides of any fphericat | 
Triangle (ABC) is leſs tham a Cirele ; thut is, AB + | 
BC + AC, (ſee Fig. laſt) is leſs than "ACD-+ ADD. 

For the Side BC is loſs than DB + DC (by the 
444 adding AB + A to both Sides, BC +. 

1785 the Sum of the Sides * 


ABC 


fem oor 


o * : 
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ABC-iv leſs than D + DE + AC , AB, or che 
yo Semicircles ABD and ACD. | 

10. In any ſpherical Tria le, if the Sum of. 
the Legss-intluding the vertical Angle; be greater 
than a Semicirele, the internal Angie at the Baſe is 
greater than the oppoſite. external Angle, and the 
Sum of the two internal Angles at the Baſe i 
greater than the two right 2 If the Sum « 
the Legs be equal to a Semicircle, then the inter- 
nal Ange as the Baſe is equal to the outward and 
oppoſite Angle, and the two internal An ngles at the 
Baſe make a Semicircle; And Laſtly, It the Sum: 
of the Legs be leſs than a Semicircle;-then the in: 
ter nal Age at the Baſe is leſs than the outward, 
and oppoſite Angle, and the Som of the two in- 
ternal Angles leſs than a $emicireje; | , 

Hence it follows, that in an Iſoſceies Triangle, 
if one of the equal Legs be greater, equal to, or 
leſs than a Quadrant; the Angle at the-Baſe is ac- 
cordinigly greater, equal to, of len than a right 


AGE, 

if one great Circle pas chr the Pole of 
ended; thoſe Circles wilt interſect one. Another at 
right Angles. 

For (by Del. Ith) the Pole of 400 great Circle 
lies im a plate Perpendicular to the Plane of the 
me whoſe Tar is it . and therefore when a Cir: 

thro' the Poles of another; its Plage muſt 
be <p ma to the Plane of that thro? whoſe 
Poles it paſſes : But to hahe their Planes perpendi- 
dee (by Def. 4.) is to croſs one another ar right 
Angles; The Converſe of this is true too namely; 
that when two great Circles are Perpendicular 10 
one another, they paſs thro* the Pwles of each other. 

12. If ſeveral hes of t Citcles be. drawn 
from any dlligned Pounrof*the. Sutfaee of a Sphere 
to another great Circi- the greateſt is that which 
paſſes thro? the Pole _ Cirele, and the ſhorteſt. 

1 
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is that which is drawn the te Way the rell 
are longer or ſhorter, 


ce 
theſe two. 


13. The * of the — Angles 
ric Tr 44 — than two right 
leſs than ſix ; and any Angle with . Ang a of 
the other two is leſs ta two right Angles; and 
laſtly, the external Angle is lefs than che two op- 
2 internal Angles. 
74. The Poles of the Sides of a any ſpheric Tri- 
angle conſtitute another Triangle, which we may 
cl ſupplemental tõ the firſt; for the Supplements 
of the Angles of the ſecond are equal ty the Sides 
of the firſt, and the Angles of the firſt to the * 
plements of the Sides of the ſecond; | 
15. In the Trian- A 
gle ABC, whoſe | | 
Angle A is right, 
the Angles C and B 
have the fame Af- | 
fection with their C 
poſite Sides; that / 
is, they are right, 
ute, or obtuſe, ac- 


— 2 as theit op- | 
eee | 
* or leſs, or greater 
than a Quadrant. | 
For ſince the Arch 
AB is perpendicular 
upon the Arch AC, 
it will (by Princip. 
11.) paſs thro its 1 „ 
Pole; therefore if 4. Fe 
the Arch AB is a2 
Quadrant; the Point B will be the 
Arch 40, and wn — Angle C will 
right, Thetefore, w 0 as AB) is equal 
| | © 


he- 


” 
4 
1 , 
: 
= 
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its oppolite Angle ( (C) isright, But 


with - 
or Ging the! ACB | 
Sec qpeigs e bt right r 


Quad acute ot olatiſe as the Side 


is]  than-a 
16. In every Reftangylar Spherical Triangle, if 
one or both Legs be Quadra . 

7 * the 


ſhall alſo be a drant; 
ne 0 40 or both 6 x 

13 a gadtant the 
are of different Kinds, that is, 4 abr 


he Arch AB 
out 


ſo it muſt" 
or 


H 


almond th, plot pena 


nt. 
For f the Leg As be vadrant, then, from from 
C will be — — 


what was ſaid ade, the 
PN: —— ſabtend 
175 to 


but 27 
Fe * 

nuſe CB, to the Angle. A, hall 
likewiſe. The ſame. may a Le Cf be 
a Quadrant and theredes if one or both; Legs be 
Quadrants, he Hypothenuſe ſhall be a Quadrant. 
Again, if the Arch Aa be conceiv'd equal to a 
Quadrant, then a Leg leſs than « Quadrant cannet 
reach ſrom A to 23, but to ſome intermediate Bojnt 
183; wherefore ſu — 25 the Leg 4 leſs than a 
2 MI | be the Hy om San pe the a= 
riangle CAB, ein is manifeſtly 
— fy — Hy Ca: So 
that when: the are -both than Quadrants, 
the Hypothenuſe is alſo lefs. Prolong the Legs AC 
and till they become Semicireles,. and interſect 
each other in D, then, becauſe the Angles A and 
D are equal, D will bea right Angle; and ſo the 
right - angled Triangle CDi will be ſupplemental to 
AB; but becauſe CA and A1B are each (by the 
Hypotbcſis above) acute, CD and D1B, their Sup- 
K 2 plements, 


165 
plements, will jk "abwbs. . and &. 105 Triangle 
CD. will have each of its Legs greater than 3 
Quadrant But the e C2, which we 
now. proved fo be leis than a NN is comy 
2 to both the Triangles 41 N CD TY 
fore when the Legs are both obtuſe, as, yell az bo 
acute, the Uypothenuſs. is Jeſs than a Quadrant, 
Laſtly, when one Leg is acute (as AC) and the 
ocher 638 okiule, then the Hypothenale ( will 
be ans longer than. the Wa, Hirn 
nuſe CB, and ſo be obtuſe. 
Cerdlary. Fs: Right-angled Triangits, 7 havir 
both their Legs 2 have three right An 
gles; * WW ae. acute, and the other ob. 
tufe, have, beſide the right Angle, one acute and 
one obtuſe Angle; — Triangles having two ob- 
tuſe Legs, have, Werde with the right Angle, rwo 
obtuſe ones. 
© Corollary 2. Hence the Hypo thenuſe is acute 
when the two oblique Angles are 2 the ſame kind, 
and obtuſe when they are of a different one. 
17. In any oblique — ny oe if the 
Angles at the Baſe are of the ſame kind, that is, 
both acute, or both . obtuſe, then a perpendicular 
let fall from the vertical Angle upon the Baſe, and 
dividing the given Triangle into two right angled 
ones, ſhall fall within the Triangle, if they are of 
different 1 without, upon the Baſe prolonged. 
For the Perpendicular will be common to both 


the right angle Triangles, into which the oblique 


one is divided; and ſo (by the 16th Princip.) will 
be of the ſame Affection — each of the 2 
oppoſite to it, and conſequently cannot be oppoſed 
to Angles of unlike Kinds; therefore when the An- 
gles at the Baſe are of the ſame Kind, the Perpen- 
dicular cannot fall without the Triangle; becauſe 
then it would be oppoſed by one of the Angles at 


the Baſe, and the Supplement of the other to a Se- 


micircle; 


8 
P 
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1 
C 
I 
? 
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w — A &« Ln A * „ 


t by 


— chat i Was 25 is 0 ab the Balk ard 

ſuppoſed of the ſame Kind, an Angle and its 
Supplement are, in all N thoſe which 
are right) of different Ki Angles of a hete- 
rogeneous Kind;; neither « "= the Angles at the 
Baſe are of different Affections, cap the 1 
cular fall within; 8 2 reaſon, that bein 
poſed by each of the An 2 * e 


e 


eee, 1. g 

In any 1. angled ſpher 2. 5" ky as the 
Radiys A to the 895 of the Hypothenuſe, ſo is the 
Sine of either of the oblique-Angles to the Ws. 1 


its oppoſite * Et n «1 | amp Fai. Go! 3 0 


of is 


LJ 4 C52 (1: * 


Pat PARATION. 

In the Triangle ABC, . — at B, con- 

tinue BC till BF becomes a. Quadrant, fo. wall che 

Point E be the Pole of the W AB : * 

nue AP till AE becames 4 Quadrant ; the iris 

the Arch FE, having A for its Pale, and 'the 

ACL will be. a a Quadrant. and. the Arch LE 

Meaſure of the. A nglc 7 N S OA | 

right ircle ABE, and it w - 
dicul — 3. ps of common, Section GE, 255 

the Sine of the Arch EL. or of the Angle A1 ab 

ſo LG will be the Radius, or Sine of the right 

gle B. Farther, draw thro? the Point C 2 1 

parallel to the Plane ELF, and like i baten 

will cut the 


| upon the Plane ABE. This Plane 


lane BC perpendicular N ABE, and their 
common Section Cy will be right upon the ſame 
Plane, and conſequently arallel to the Line HL, 
and the Sine of the Arch BC. In like manner Iy 
and GH, CT and LG are parallel, being the. co 
mon Sections of the two parallel Plangs with a 


third; and as LG is found perpendicular to _ 


boo ren TA. fo =% 


The three 0 of c 8 | 

BOS el to the thre ies of the 

e,two Trian es gre equiangula 

ur and therefore HY 
gle'B, 1 10 C,, che Sive of 

is LH, the Sine of the 1 


OY: 7 D. E 
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1 * right. ang be Tri * 

Radius 90 Het wo 18 „22 e 
of the oblique Angle — to that 

. of the other Leg. E: Saen 


: "Pip IRA TIN. * " 
Ebbe Arches 48, A and BE being continue 
ay. oh fog draw EX, t Ae f * 5 755 
1 5 74e e 0 
d theſe, as th Foe 
Fr Sat of which Ges Care Parts, Hos 
are geen. ARE, will alſo be 
endic 10 whe ABE, Farther, 
3 the , draw a Plage parallel tothe 
N = 0 it perpendicular YT) 
Pigs ABE , 2 8 common Sections DI, BI, will 
pn, to the common Sect Ry KG and EG; 
upof 


"ptr is ogg i 5840 - als 
be pe ndicular to and wWi co yen! 
Ed of the Arch BA. | A F 


DzMONSTRATION. 
Since each Side of the Triangle BDI is parallel 
to each Side of the Triangle KEG ; the two Tti- 
| ag BDI and * are ſimilar; and therefore, 


„ We OOQP. 


re 


7 
a EC, the Sine wear Radio e BY, ac 
the Leg B4, 5 Teck the T "Ep Angle 
A : to DB, 
BC. Q. E. * 


The Fortebk . = e L * 

theſe Demon 9 
ſtrations will be 
the more eaſily 
I if 
inſtead of de- 

lineating the 
annex*dScheme A 
in Plano, ity/- 
arts are cut ii 


Sines and Tan- 
gents concern 
2 drawn _ B 


—— 


In · order w inveſtigate the deter Tusa or 
— al rig a = be 
es ht es, let t 
Sides AB, & and CB of the Friangle ABC, right- 
angled at B, be prolodged;1ſo: that ID, AE and 
C# may be cach Quadrants 3 and from the Pole 4 
deſeribe the Arch-KED, then (by Princip. 11.) the 
Arch FED will be icular both to the Arch 
AE and ABD, and ſo the: Aiigles E and P, as 
well as B, will be 1 Moreover, becauſe the 
Angles B and D are each tighü, the Arch FED, 
ay well as FCB (by Princip, 17,)willbs — 


— 
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Farther, becauſe ACE and AB Dare each Quadrant 
DB, which (ſince AD is a Quadrant) is the Com- 
lement of AB, mill be the ure of the Angle 
Alſo, fince ACE and FC are each Quadrants, 
CE will be the Complement of AC, and CF of 
CB. Laſtly, the Angles ACB and FCE are verti- 
cal, and conſequently equal. | 


Therefore 
in the Tri- = 
angle FEC, 
there is a 
right Angle, 

E agreeing 
to the right 


% 


Hypothe - , „ N wh 
nuſe AC; the Side FE, the Complement of the 
Angle 4; the Hypothenuſe FC, the Complement 
of the Leg CB; the Angle F, equal to the Com- 
plement of the A; and the Angle NE, 
equal to the Angle ACB. Ws, 
Whence firſt, by Theorem ad, As Radius: is to 
the Sine of FE, :: ſo is the Tangent of the Angle F 
to the Tangent of EC; that is, as Radius : to 
the Coſine of the Angle A, :: ſo i; the Cotangent of 
AB: to the Cotangent of AG = 
adly, by Theorem 1. As Radius : ĩs to the Sine of 
FC, :: ſo is the Sine of the Angle C: to the Sine of FE, 
That is, as Radius: is to the Coſine of CB, :: ſo is the 
Sine of the Angle C: to the Coſine of the Angle A. 
6 7 By Theorem ad. As Radius: is to the Sine of 


: ſo is the Tangent of the Angle C: to the 


Tangent of FE; that is, as Radius: is to the or 


a a & .. - © wn 
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Sine of AC: : ſo is the Tangent of Angle C: to the 


Cotangent of Angle A. 


4. By Theorem iſt, As Radius: to the Sine of 
FC: : fo is the Sine of Angle Þ : to the Sine of CE; 
that is, as Radius: to the Coſine of BC : : fo is the 
Coſine of AB: to the Coſine of AC. 

By putting theſe Analogies into general Terms, 
we have the four following Theorems, which we 
ſhall number according to the Order wherein they 


ſi ucceed the two before laid down. 


Turoaxn III. 
As Radius: to the Coſine of one of the oblique 
Angles, :: ſo is the Cotangent of its adjacent Leg : 


to the Cotangent of the Hypothenuſe. 
Or, becauſe the Tangent and Cotangent of an 


Arch are Reciprocals ; as the Radius: to the Coſine 
of one of the oblique Angles, : : ſo is the Tangent 
of the Hypothenuſe : to the Tangens of the adja- 
cent Leg. Et contra. 


Tuzonazu IV. 
As Radius: to the Coſine of either Leg, :: ſo is 


- the Sine of its adjacent oblique Angle: to the Co- 


ſine of its oppoſite Angle, Et contra. 


Turo M V. 
WE Radius: to the Coſine of the Wan; 


ſo is the Tangent of one oblique Angle: to the Co- 


tangent of the other, Et contra. 


Tuzonzu VI. 
As Radius: to the Coline of one Leg, : : ſo is 
the Coſine of the other: to the Coſine of the Hy- 


pothenuſe. Et contra. 


L Theſe 


I 
Theſe ſix Theorems and their Inverſes ſolve all 


_ the Caſes of Right-angled ſpherical Triangles, which 


tho? uſually made fixteen in Number, as there can 
be but fix Varieties of Data, the reſt being in the 
Queſita; we ſhall, to comport with our deſign'd 
Brevity, reduce them to that Number only; but at 
the ſame Time give Examples in each of our Ca- 
- ſes of finding all the unknown Parts, and ſo in Fact 
make our ſix involve the *whole ſixteen Caſes of 
other Authors. 


It is ſuppoſed in the Demonſtrations of the pre- 
ceding Theorems, that all the Sides and Angles, 
except the right one, are acute; at leaſt nothing is 
ſaid to the contrary; but if any of the Parts (retain- 
ing the right Angle) are in any Caſe obtuſe, the 
Theorems hold, by ſubſtituting the Supplements of 
the obtuſe Parts, inſtead- of the Parts themſelves 
- (ſee Princip. 4.) The Reader is deſired to note 
this once for all. | | 


As we ſhall have frequent Octaſion in the enſu- 
ing Parts of this Treatiſe to make an algebraical 
Uſe of Spherics, in the Solution of difficult Pro- 
blems, we ſhall not only give an Analogy, but 
alſo an Equation far finding all the unknown Parts 
in each Caſe : In order to which let the Right- an- 
gled ſpherical Triangle ABC, -be furniſhed with Let- 
ters, as in the Figure; in which it is to be obſerved 
that we continually expteſs the Sines of Arches or 
Angles by the ſmall Letters placed or ſet on the In- 
ſide of thoſe Arches or Angles, and their Coſines 
by thoſe placed on the Outſide, | 


1 


. ah. Mo. * C090 


6 


Farther, what 
we have ſaid in 
Page 4, about 
the Coſine of an 
acute Arch A. 


Anglebei | fol 

bras, of a ® 1 
right one being 
nothing, and of 
an obtuſe one 


obſerved thro? all the following tions; and 
ſo as the conſequent Doctrine, namely, that all the 
Lines belonging to an Arch or Angle, into whoſe 
Compoſition the Coſine can any My enter, are to 
be eſteemed of the ſame Quality, whether Affirma- 
tive or Negative, with the Coſine; chat is, the 
Tangent, Cotangent, or Secant of an Arch or An- 
gle, as they are all related to the Coſine, are to be 
eſteemed Affirmative or Negative, as the Arches 
they belong to are acute or obtuſe. Whence it follows, 
that if the Queſita, or Number to be found, by 
either a Coſine, a Tangent, a Cotangent, or Se- 
cant, and in the Solution come out with a negative 


out of the Tabl | lement of the Side or 
Angle required, and ſo” muſt be ſubſtracted out of 

1805 to find the Anſwer, | 
It from hence appears, that the Coſine, Tangent, 
Cotangent, or Secant, points out its correſponding 
Arch or Angle in a more full and infallible Man- 
ner than the Sine ; which being of the ſame Qua- 
lity as well as Quantity, when it belongs to an ob- 
tuſe Arch, as when it belongs to an acute one, 
leaves it ambiguous whether the Degrees to which 
2 | it 


Sign, then IRA the Side or Angle taken 


76 ] 
it anſwers in the Tables, are what we ſeek after, or 
its Supplement to a Semicircle. 


Upon this Account, thoſe Theorems.” where 
they can be had, are to be eſteemed for Trigono- 


metrical Purpoſes, which are compoſed of Tan- 
gents, Cotangents, Secants, and verſed Sines, be- 


yond thoſe which are made up wholly of Sines. 


It is farther to be noted, that Radius being I, 
(as we all along ſuppoſe)7 will repreſent the Tan- f 


7 | Iſt 
gent of the Arch AB, ©, its Cotangent, f its Se. 


— i" 
cant, = the Tangent of the Angle A, 0 its Co- 


tangent, and —its Secant, and fo 0 all a 


Arches or Angles 


Thy 


| 


— 


_—_— y _— 
— 


The Reſolution of the Six Caſes of Right-, 
angled Spherical Triangles, by the Canon of 
Artificial Sines, Tangents, &c. and of ſome 
by the Natural Canon, in @ new and com- 


pendious Method, 
P of the ſeveral Caſes, we ſhall ſay nothing; 
as taking it for granted, that our Reader is 
acquainted with the Tables of Logarithms, Sines, 
Tangents, Sc. and their Uſe ; but as we believe 
our other Method of Solution to be entirely new, 
it will be requiſite, as briefly as may be, to open 
the Springs from whence it flows, and accommo- 
date it to Practice by proper Rules and Precepts, 
1ſt then, Put Aand B to expreſs the Sine and 
Coline reſpectively of any Number of Degrees, 
G and H for the Sine and Coſine of another Num- 
ber of Degrees, & and C for the Sine and Coſine of 
the Sum, and D and d for the Sine and Coſine of 
the Difference of thoſe two Arches ; then by Theo- 
rem 2d, p. 3. if both Arches be acute, and their 
Sum be leſs than a Quadrant, AG—BH, or if their 
Sum exceeds a Quadrant, BH—AG will be = C; 
or if one be acute, and the other obtuſe, then 
AG + BH = C, Also, by Theorem 4. p. 3. When 
both Arches are acute AG + BH = d, when one is 
acute, and the other obtuſe, and their Difference 
leſs than a Quadrant, AG—BH=d ; and when 
one is acute, and the other obtuſe, bur their Dif- 
ference greater than a Quadrant, BH—AG will be 
d. Therefore, by adding the ſeveral Expreſſions 
of d and Crogether, when both Arches are "_— 
an 


ReyarATORY to the Logarithmic Solution 
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and their Sum leſs than a Quadrant, 2 40 is = 


ca or 40 == when their Sum exceeds a 


Quadrant, 23H is Cd, or Bs <= 


and when one Arch is acute, nd the other obtuſe, 
and their Difference leſs than a Quadrant, 24G, = 


C d 


C+d, and AG = —= ; and laſtly, when their 


Difference is more * a Quadrant, 23H + 


C+d,and BH S. And by ſubſtrating h 


2 Caſe the Values of C and d from one another, 
it appears that when both Arches are acute, and 
their Sum leſs than a Quadrant, 2BH is = d— C, 


and BH = cnn z when their Sum is greater 


than a Quadrant, 2AG = d4— C and AG = 


, when one Arch is acute, and the other ob- 


w_ and their Difference leſs. than a Quadrant, 


2BH = C—dand BH= << x and finally, when 


their Difference exceeds a Quadra 2AG = Cd, 


ind 4G = <=. 

From comparing theſe Expreſſions t cher, it 
will be manifeſt, that if adding C V 
in any particular Caſe, produce the Rectangle of 
the Sines of two Arches, then tak ing the Difference 
of C and d in that Caſe, will give the Rectangle of 
the Coſines of thoſe Arches, and the contrary. 
Wherefore, by this Obſervation,#/and from the E. 


quations for each Caſe, we have theſe two Rules. 


Rule l. 


FFS 


S0 SB OTS 


S. 


rere 


& ou II. 1 6 


When both Arches are acute, but their Sum a 
bove a rant, or when one Arch is acute, and 
the other obtuſe, and their i Difference leſs than a 
nadrant; add together the Coſines of the Sum, 
Difference of the given Arches; half the ve- 
——— the Rectangle of: the Sines, .and:half 
the Difference between the Coſine of the Sdin and 
Coſine of the Difference, is nne 
pes ow thoſe ſame two Arches. 


[Theſe Rulezare io he particuldrly e 
Aud they give the Reftangles of ho —— Cos 


from the ſame Numbers. x 


2d, The Letters bearing the ſame 8 
as before, AH + BG (by Theorem 1. p. 3.) will be 
&, and AHSSBG=D ;" wherefore 6 Addition, 
24 f will be. found , or AH = 


DE, and by8ubſraftion, 250. P, or BG— 
* 
= Whence 


J Rur E III. 


66e! 


Rb TE III. 


Add the Sine of the Sum and Sine of the Dil 
5 — of any two Arches together; half the Sum 
is the Rectangle of the Sine of the greater into the 
Coſine of the leſſer; and ſubſtract the Sines of the 
Sum and Difference from one another, half the Re- 
mainder is the Rectangle of the Sine of the leffer 
Arch into the Coſine of the greater. 5 * 


Theſe Rules will take in all the Caſes of ſpheri- 
cal Triangles, except two, which they will ſolve 
in near as expeditious a Manner as the Logarichms, 
and to all the Exactneſs deſirable, Our 3 
Friend Mr. WILLIAM MILES of Worceſter, has 
compleated the Thing in all its Varieties, and in- 
vented a whole Sinical Arithmetick, duilt u pon 
theſe Principles, and would have communicated 
the Rules neceſſary to ſupply the Deficiencies of 
Ours ; but as it would have taken up a good deal 
of Room to explain and illuſtrate them, and as che 
| Logarithmic Method, after all, is moſt convenient 
in Practice, we thought proper to omit them; and 
fo have only ſubjoined an Operation, by our on 
Rules, juſt now explain'd, to the Caſes re 
will reach. a J. 
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tive, 4 vin alſo be Neve 
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CASE'L'' 
Given the Leg AB = 65: 30, belt bbs 
cent Angle CAB = 50®3 15'z fo find the 
otber Parts. 


N. B. The laſt Figs mill te rf 0 hog, 


1. For ib Leg BG | 
LGEBRAICALLY, by Theorem ad 'S 
Radius) '= 1) : to the, Sine of 4 

(=): : ſo is Tangent of the Angle 4 


(395; z. = the S K * that is, 


RP 
a wo 


an 7 1 4% ene Ciba 
From the ſame Theorem, as Radius 


To the Tangent of the — 10.0456528 


Leg BC = 48 : 0& 


By Princip. 16. The BG 
obtuſe, according to the jon 
Angle 4, The fame. Thing may allo he 


from the Equuia Cf. 4 27 


firmative, : 7 ebe b too $ but when > is Nega- 


NM 2. To 


[82] 
. 2. To-find the Hypothenuſe I. 
ALGEBRARTICALLYyY. , By Theorem 3. as 


Radius (eZ) 7 to the Coſine of the Angle 
A (z) :: ſo is the Cotangent of AB 


e. : the 2 , the Cotangent of the Hy- 


By the Logarithms. 
From the ſame Theorem, as Radius 10, ' 
- - the Coſine of the Angle 4 
* : wo . \ 
So is the Cotanpent of the . A 
AB = y. 30 Be =o 9.6172245 


To the Cotangent of the Hypothe- 1 9. 4 302 36 


nuſe AC = 78 : 10 


By Princip. 16. The 1 CB and the Angle 4 | 


are of the ſame Affection; and by Princip. 17. 

when the two Legs are of the ſame kind, the Hy- 
pothenuſe is acute, and when of a different, obtuſe ; 
therefore, when the Leg AB and Angle A are both 
acute, or both obtuſe, the Hypothenule is acute, but 
when they have a different Affection, it is obtuſe. 
The * Thing alſo flows from the Equation 


| (<= 8 — Sf for while L and 2 are each Affir- 


mative, or each Negative, the product COTS — 2 


will be Affirmative; but wes they . different 
Signs, Negative. \ | 


To find the - WA 8 
ALGEBRAICALLY, By Theorem 4. as Ra- 
dius (=1): to the Coſine of AB (=f) : : fo is the 
Sine of the Angle A (=): to the Coline of the 
Angle C; conſequent]y fs = 2. By 


5 9.807991 


83 
— — — wCl. 6d! 


From the ſame r As Radius 10. 


Io the Coſine of th AB = 
67 30 s: 1 18307 


Ki... — the Sine of the Angle 4 3 5 48,8570 
T = 
* ery Coſine of the Angle C 1 I 346867 by 


— — 
' 


By the natural Canon, / 


AB== 61:30! - © S 
— gu — 3 th 2! 
Sum 117 : 45 Sup. 629 15/ Nat. Sine .8849876 
Diff. 1715 Nat. Sine 9 


„— 


Since we here want the of the 
Coſine of a greater Arch into the Sine of 1 ¹ $884469 in 1275 
leſſer, by Rule 3d, the Difference 
whoſe Half is 2 
1 C; to which anſwers in the Tables 729: 53 


The Angle C (by Prin. 16.) will be acute or 
obtuſe, as the oppoſite Leg AB is; which is alſo 
manifeſt from the Equation Fo 24 for while F is 
Afﬀirmative fs «= q = be ſo too, but when it 1s 
Negative, q will be Negative alſo. 

It the Leg CB and its adjacent Angle C had been 
given to find the other Parts, the Analogies and 
Obſervations here uſed would have ſerved, | 


M2 CASE 


J 


N 
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CASE n. 7 
Given the * 2 50: 15% adit oj 
in re te ther Barks 


« I. To find the Leg AB. 


LGEBRAICALLY. By the Re. 
. verſe of, Theorem 2. as the Tangent of 


the Angle A (. IE to the Tangent of the oppo- 


fie Leg CB (=) : :fo is Rod. (=1): 10 37 
the Sine of AB. | 


Toparithms. 
By the Reverſe of the ſame Theorem,” 
as the Tangent of Angle A= 50®: 1 5. 


Leg CB = oO. 
So is the Radius 10. 


— _—_— 


Dos 1. of the Leg AB = 7 9 90 5 5247 


| 2. To find. the Hypothenuſe AC. 
ALGEBRAICGALLY. y the Reverſe 
of Theorem 1, as the Sine of 155 Angle 4 


(=): to the Sine of the 1 — CB 
(=c) : 10 is Radius (=1) : : ro = &@ = the Sine 


of the Hypothenuſe AC. 
By the Logarithms. 
As the Sine of the Angle 4 = 50: 15 9.88 58370 
83 9 F Les. 9.8710 
So is the Rodin _ 
2 IS — wo of the 0" "mY 9.98 52365 5 


„ 


10.080037 
To the Tangent of the h 10. 0453626 | 


* SSN C2 


K 


1.87 1 
3. To find the Angle C. 
ALGEBLEATCATLTLY. By the Reverie 
of Theorem 4. as the Cofine of the Leg CB 
(=4) : to the Radius (= 1) : : {6 is (z) the Coſine 


gle C. 3+ 
a Leg "> 988455109 
To he A COVE 1 10. *. 
So is the Coſine of the Angle | 
= $O*: 85! 9.8057991 
To the Sine of the Angle C - ,, von. 
0 — 
72 7 33 ngle * 7 9.9 802883 
| | | ———_C_w——s 
All the three Varieties of this Caſe are ambigu- 
ous ; for ſince (by Prin. 16.) the Angle A and the 
Leg BC are ever of the ſame Kind ing that 
A and BC are both acute or both obtuſe, does not 
in the leaſt inform us of the Affection of any of the 
other Parts of the Triangle; therefore without the 
Affection being given of another Part beſide the 
Data, it can't be known whether the Queſita be 
acute or obtuſe; and therefore Whether the Thing 
found be what was required, or its Suppletnent to 
a Semicircle. | 
If the Angle C, and its © Leg AB had 
been given, the other Parts mig t have been found 
by the Analogies, &c. here laid down. | 


CASE III. 


_ [EP 
=YF Þ 7 | 
— — ä — — 


: 0 

CASE III. 5 

Given the e AC = 7 55: 10% and one 
S the obligue Angles A Fo: I 55 fo ou F 
the other Parts of the Triangle. | . 
nd the Leg AB. AG 
LGEBAICALLY: By the lat 5 


f ter Expreſſion of Theorem 3. às Radius 
(i): to the Coſine (of che Angle ht : ſo is 7 


( ; ) the Tangent of the Hypothenuſe : to - 7 2 1485 


7 
the Tangent of the Leg AB. , 
mY By the artificial Canon. 


From the ſame Theorem as Radius 10. = 
To the Coſine of the An le A 
— 50: 13 8 9. $057991 Sum 


So is the Tangent of the e 
thenuſe = i 5 * wr 0265 


— Si 

To the Tangent of the Leg AB r 
py 6e 30 1. 10. 38282 56 addi 
gg F 


| "From Prin. 16 and 17. the Leg 4B will be = «iz. 
acute when the Hypothenuſe and the Angle 4 
have the ſame Affection, and obtuſe when their 1 
Affection is different. The ſame Thing is mani- 


feſt from the Equation 5 2 = | ; _ while : and z 


have both the ſame Sign, 7 villbe Affirmative, but pot 


when they have different ones, Negative, 
2. To find the Leg CB. 4: 
ALGEBRAICALLY. By Theorem 1. 
as Radias ( =1 ) : to the Sine of the Hypothe- 


nule 


1271 
nuſe (a) : : ſo is (s) the Sine of the Angle A 
: [0.44 = C = the Sine of the Leg CB... This 
Equation being wholly n of * eus 
this Variety to be ambiguous. K 
5 eee LS: et 6 
Py the ſame Theorem as Radius 10 
To the Sine of the nn 
AC = 75 *: fo) 8 F. n 


80 is the Sine of the obli ue Ho 
ole-A= 50%: 15 1 5 v0 


407 Sine of the Leg 2 5 


By the natural Canon. V5 
2 n OOVIA en 0 nA 
— T3 + 19. 380 1:1 * 2g. 0 1073 
Ang. 4 50: 15 . Slu:d. e mois did & lo 
Sum 125: 25 whoſe Nat. Coſine is 5795183 
Diff. 24:5 Nat. Cane — 


Since both Arches are 2m and their- ws, 0 
Sum greater than a Quadrant (by Rule 2.) > 148643982 


adding we have 


f which is the natural Sine of 
N e 5 74321) = 16 


— — — — 


To which anſwers in the Tables 480 0, 2s above. 42 


3. 7 fd the AEC. 


ALGEBRATCALLYCBy Theorem 5, 
as Radius ( = 1) : to (b)- the Coline of the Hy- 


pothenuſe : : ſo is ( 2 the Tangent of the Angle 


4: 0 2 b = 5 = the Coſine of the Angle C. 


1 1 


"By the Logarithms, 
— * the ſame _ — Radins 10. 
0 Coſine ypothe- 
nuſe AC he 82 atofcs ; 9. 4082539 
le 4 ( 
== — een Ang 1 10. 0800379 


To the Cotange t f the An le C 
s * a 580 | Sie . urin 


— 


: e eee et 17 Prin. or 
from the Equation 7 þ = 5, that when the given 


Angle and the Hypothenuſe are of the ſame Aﬀec- 
tion, hey = (C) ſhall be acute, but when 


of a different, 6 

| The ſame Analogies, Equations my Obſerval 0 
tions would have found the other « Pen, from the 

HFypothenuſe and Angle C being given. 

; b 

4 

Bl 

Su 

a Di 

Su 

ur 
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CASE 


_—” 8. - 


67 300 


1 551 


CASE Tv. 


Given the Legs AB we - "YR and BO = 
482; oo, 2 « nnen 


1. To find the Hypothenuſe 


LGEBRAICALLY. By Tauren 6. 
As Radius (= 1): to (J) the Coſine of 
AB: : ſo is (d) the Coſine of CB: tofd = b, the 
Coſine of the Hypothenuſe. 


By the Logarithms, 
From the ſame Theorem, as Radius 10. 
To the Coſine of the Leg AB = w FFF 


So is the Coſine of the other 
CB = 48: oo PPE 9.825510 


To the Colin of the oben 
AC 2 75 : — I as 


AB == 679 : 
BCG = 48 : — 
Sum 116: 30 Ges 4206111 * 


— 


Diff. 19: 30 | Nat, Coſine .9426415 


8 — — than . — N fab 4 
um a t, u 121 2 
ſtracting (as directed in Rule ad.) we have Nl 

— — 


— 2560652 .. 


Hypothenuſe, viz 
To which anſwers in the Tables 75% 10', as before bound. 


N By 


1 90 


By Prin. 17. If the two Legs have the ſame Af. 


fection, the H acute ; if different, | 
obtuſe. The ſame Thing may alſo be ſeen from the 
the _ fd = b. Al 

88 80 To ind the Angle A. „ "ID 


Pane"; pee ng, By the Reverſe of 
Theorem 2d, as the Sine of AB (Se) : to the Ra- 


du. 1): : : ſois the Tapgent fb (=3) to: 


. 


3 de Tangent of the Angle 4. 


By Logarithms... 
As the Sine of AB'= wy : 30“ 3 96561 83 7 


To the Radius of che Leg BG; 10. az 
So is, the Tangent of the Þ 
= 485: 00! r6.0455648 of 
( ] fin 
2e * + 4 Ang iy on £99473 3 
3. 75 find the art C. | 
- ALGEPRAICALLY. By 1 63 
Theorem 2d, as the Sine of BO (= ) : to the Ra- 
dius ( = I ): : ſo i 5 the Tangent of The Leg AB. 1 
e e 
(=£) 10 Fe === = the Tangent fr che e AngleC, 
: By Lagbrithms, © 40 4t 
As the Sine of BC =, 4855 „ 9.871073 
To. the Radius „ 10. ? th 
. N of the Leg AB 15 4 38 277 55 K 
Wo tr; 
c 7555 ee of de A586 f , ” 5117022 


» — — 
* — — * Ti 


„ 
By Princip. 16. The Angles A and C will have 
25 ſame Affection with their oppoſite 10 BC and 
A | 


CASE V. 


Given the ge. AG 27: 10, — one 
arts. * 


| 7s fag the Leg BC. 


r By the Inverſe 
of Thorem 6, as the Coſine of the Leg AB 
);: tothe Radius ( = I): 7 the Coſine 


of the Hypothenuſe ( 593 to. = - = Ls the Co- 
ſine of the Leg BC. 


By the Lagaritbmnn. 5 
As the Coſine of th Ea? 
672 wh 1 | e Leg AB => 9-582B397 
* the Radius | Cs 
he Coſi - , gy? 
nuſe ws . i 10 Ae Hypotis-} 9.4052 539 


— — 


To the Coſine of BC =? = 
4Þ : 00 e begs. su 
Princip. x7 The Leg BC wi be acute when 

the ee AC and ry AB are of the ſame 
Kind, and obcuſe when their Aﬀection is con- 


trary. 
2. To find the Angle C. 
ALGEBRAICALLY, By the Reverſe of 
Theorem 1, as the Sine of the Hypothenuſe (): — 
N 2 


[ 92 ] 


the Rad. (= 1) :; ſo is the Sine of 4B (S e): to 


== p, the Sine of the Angle C. This Equation 


hs made up wholly of Sines, indicates the Am- 
biguity of this Variety. 


By Logarithms. 
As the Sine of the thenuſe | 
al * ro Hare 8 9.98 52303 
o the Radius | 10. 


So is the Sine of t A 
"oo bags 7 


For the Sine of the * C = p 4 9803450 


72: $3 


—_ — 
— — 


3. To find the Angle C. 


" ALGEBRAICALLY, By the Reverſe 
of the latter Expreſſion of Theorem 3. as the Tangent 


of the Hypothenuſe (= ): : to the Tangent of 
eb 


AB (5): : ſo is Radius ( 1) : 07, = R 


= the Coſine of the Angle A. 


- By the Logarithms. 
As the Tangent of the Hypothe- 
nuſe = 75: tf f 8 10.5770265 


To the T t of th AB 
ng ue eee 


So is the Radius 10. 
To the Coſine of che Angle 17 


1 —— 


3 50°: . 15 9.8057492 ; 


— — 


Wbile 


Gi 


931 

White Zand } are bah affirmative ar both ve 
gative, 2 will be affirmative; but negative eh 
and © "NI different Signs: Therefore when the. 


Hypothenuſe and the Leg 4B have the ſame Af. 
fection, the Angle 4 ſhall be acute, and obtuſe 
when they are of different Kinds. The ſame Thing 
may be deduced from the 16th and 17th Principles. 


The Equations, Proportions, and Notes would 
have been the ſame for finding the other Parts from 
the Hypothenuſe and Leg CB as: given. _ 


— 


CASE VI. 


Given the two oblique Angles, A = 560 
and C=729 : 7 ; to find the other 
of the Triangle. 


1. To find the Hypothenuſe AC. 
L6EBRAICALLY, By Theorem F. in- 


verted, as the Tangent of one Angle, 4 (=) 
ta the Cotangent of the other, C (=): : ſo is 


Radius (=1) 0 5 = þ, the Coline of the Hy- 
pothenuſe AC. 


aa 


_ #y 
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'B Logarithms. By the ſame. . 


As the Tangent of one oblique 
1 
t of 0 
Cade Sagas e eee, 


80 2 — 10. 


e 


70 the Coſine of the bs Hype 13 * 
nyſe AG = 75” : 10 5. 9-4B4545 


By Cor. 4. to. Prin. 17. the Hypochenuſc is 

acute when the tua oblique Angles A and B haue 

— lame. and obtuſe when they have a 
ifferent. 


2. To find the Leg AB. 
 AL@zBRAICALLY. By the Reverſe of 
Theorem 4. as the Sine of the Angle 4, adjacent to 
the enquired Leg. AB (i f. 5. /; to the Coſine of 
the oppolite Angle, C (=9):: : ſo is the Radius 


(= DE 10 8 the Coſine of the Los. 


By the Logarithms. By. the fame. - 
As the Sine of ITE Auge, , 88 88 350 
* SS, 15 N y - 3 37 
o the Coſine of. e oppoſite 2 
Angle C = 72* : 53 : 5 9.4688 174 
is Radius ' 91 240. 


To the Coſine of the Leg 4 — 


3. To find the Leg BC. 
ALCOCEBANAICAILILVY. By the Beate 
Theorem 4. as the Sine of the adjacent: Angle C 
(= p) : to the Coſine of the oppoſite Angle, A 
(= 2)::ſois wm (= 1): to the Coſine of the 


Leg BC; that i is, = is = d, 
5 
By 


f 9g) 


4 2 Ke e AnÞ | 
8 t ine of t N An- . 
gle, C = 725283 20 7 3 7 


To the S 2 the * An- Kg nammuly; 
gde, A = 50 n e 9.856595 
So is che Radius — 


1 the Dy Leg 2 wagt 4s 
* q | | A 


' Ser ens 

By Prin. 16. the L 0 ard! Bc Abe debe 
or obtuſe, according to the Affection of Nerd 9 
poſite Angles C and l. . 

Thus have we ſhewn the Solution js Va- 
riety of each Caſt of right:angled ſphericaf Tri- 
angles, by the Help of thei Si Theorems before 
laid down, and demonſtrated ; but it may ſeem a 
conſiderable Defect that we have not alſo givew their 
Solutions by the Noble Theorem invented by the 
celebrated Lord Napeir ; and indeed this is ſuch an 
Omiſſion that we ourſelves ſhould have thought un- 
pardonable, had our Intention been to have wrote 
a compleat Treatiſe of Spherics; but as our De- 
ſign was only to ſay what might enable a Learner 
to comprehend the Reaſon of our Arguments in 
the Solutions of Spheric Problems, and to ſet our 
Diſcoveries and Improvements upon that Head 
on a ſolid Foundation, and in a proper and na- 
tural Light; we preſume What is faid will be 
ſufficient to that Purpoſe, and that it is done in ſuch 
a Manner as eaſily to be comprehended by Perſons 
of a tolerable Capacity, with a Degree of Atten- 
tion requiſite. to the underſtanding every Thing of 
a Mathematical Nature. 

Thoſe who would learn Spherical Trigonometry 
only to make ſome practical Uſe thereof, may in 


wy and mane follows, paſs over the — 
an 


[96] 
and conſider only the Logarithmic Solutions; and if 
ſuch are deſirous of ſeeing a greater Variety of Ex. 
amples and Methods of Operation, and of the 
Manner of applying it, we refer them to ſuch —— 


cmors as have tr more largely upon the Subject 


eſpecially to a moſt compleat uſeful Piece © of 
this Kind ſhortly to be publiſhed by Mr. Dong barty 
ſenior, of Worceſter : A — whoſe juſtly 
* — Reputation in the World makes his Name 
Recommendation to any of his Works; 
where he will find Trigonometry Plain and Sphe- 
rical handled in the moſt full, Bar, and eaſy Man- 
ner; with the Projection of the Sphere, 
and their —.— _— to Aſtronomy, Na+ 
vigation, | 
"We ſhall 7 — cat the Reader with a brief 
Synopſis of the Stations to the ſeveral Caſes. of 
right-angled Triangles, as they have been before 
laid down, and then proceed to thoſe which are 
oblique angled. | 


| *521Jr 


II. 


A — ———.— 


i} j 


ft Analogies, .." 71 — | ion 
AB | BC | 4. K 4 . A . E 2 ** 
| 4 -39. "am * 


As R: N Ang 4: cre inf 
As R: tics, AB: J 


1 
As t, Ang, 4 , CB: „ A Te 


ang, 4 40 | Arr, Ang. 4: 4 CB: N E- 
| Ang. C As co, CB: R:: 8 
40% AR: coy Ang Ant ty de 4 7 

IAR AH CEL 3, I: „ N 2, fe 4 

3 (ang. . R: Ae £4, Ang, © 7 


— 


As R: « ics, 4 4B: 26% Nc 010 | 
Ab, %R 1 Ang, 4 
r 114 dÞ e 


1s 4 Mts N dl 


As ca, 45. R:: 2. nde 47 
F 
As 5, MC: R.: 4B: 4, Ang, C 


n a. 


4 2c 
IV] CB [Ang. 
| 0er | 
[46 Be, 
i _ EY - 
. 01 
. Te 
vil: &f 42 + 
12 


| . Ang, C: 61 * vl le 


2 182 


Jas, bon. 4: : ct, Ang, CR ic4 4, 


As 5; Ain, 4: A ©: n we 


3.4% 3 
* 


V. B. In this Synopſis R ſtands for Rais 1j. 4 for Sine, ec: (en 


eh, t for Tangent, n and Ang, for Aug/e. 


of 


{ 


. 


w 
- 
1 


bblique-angl 


- 


of in the 
— ALcEBRAT- 
AlL Demon- 


| Of oblique-angled Spherical Triangles. 
PHE va. . 


ſtrations and 
Solutions be- 


longing to this O ,- m 


1 


Part of Trigonometry; as alſo thoſe denoting. the 
Sides and Angles of the Triangles uſed herein, 
may be learnt from the adjacent general Scheme; 


 wherefore we ſhall take up no Time in an unne- 


ceſſary Prologue, but begin immediately upon the 


Theory, and from thence proceed to the Practice. 


a TukonxEM VII. 1 3 
In every Spherical Triangle, whether right or 
00 as the Sine of one Angle: to the 
Sine of its oppoſite Side: : ſo is the Sine of ano- 
ther Angle : to the Sine of its oppoſite Side. Et 
contra, ' | | Ki 
That the Propoſition before us is true, in ſuch 
Triangles as have a right Angle, was aſſerted in 
Theorem 1. which having been demonſtrated, needs 
not be again repeated ; and to prove, that it holds 


alſo in oblique-angled Triangles, let OVP be ſuch 


a Triangle, divided into two right-angled ones by 


the Perpendicular V, let fall upon che Baſe IZ 


* / 
F 4 
” 4 - 
G o 


wm ene g OD Go Ra3RLOCY M5 


Then iſt. By 
Spheric Theor.” 1. 
as Radius : tothe 
Sine of P:: ſo 
is the Sine of 
Angle P: to 


„PM, Ang. P 
Kad. 


the Sine of © 2 | * + 8 
VF; again, from the ſame Theorem, as Radius: to 


the Sine of YO : ſo is the Sine of the Angle O: to 
2 = the Sine of VF conſequently 


Kad. 

VPA, Ang. P 5, POxs, im. o,. 
Rad. — — x, 

by equal Multiplication," 3, / PX s, Ang. P 

5,VO Xs, Ang. O; wherefore by putting the >. 

tion into Analogy, as 5, Ang. O: to , P, :: ſo ia 


s, Ang. P: to , OV. Et contra, Q. E. D. 


f Tarzortm VIII. 

In any Spherical Triangle (the Radius being 
ſuppoſed Unity) the Rectangle of the Sines of any 
two Sides into the Coſine of their contained Angle, 
being called a firſt Product, and the Rectangle of 
the Coſines of the ſaid Sides ſtyled a Second; the 
Sum of theſe two Products, when the Angle is 
acute, and the containing Sides of like Affection, 
or when the Angle is obtuſe, and the Sides one ob- 
tuſe and the other acute; and their Difference, when 
the Sides are both of the ſame Denom ination, and 
their contained Angle obtuſe, or when the Sides 
have different Affections and the Angle is acute, 
is equal to the Coſine of the third Side. | 


'O2 Dewuon- 


a 


Str 


- 


[1081 


Dauoxs TAT ION. 
Put x and y for the 
Sine and Coſine of 
FP; then per: Theo- 
rem 4. p. 3. fy + ex N 
will be the Coſine of Side 
FO. And * = and 
1 2 of Trig. Theo fere 
rend. p. 73. 20h Lex: * ver 
1.(Red.): :b; Sie | ef, © I we* E 
= the Caſine of E. And a9; ; 1 (=Red,) d: || 
4 60 5 4 . 
© = the Cofine of E; 8 
TT = 
— Sin 
and by Reduction, 5 a the Tangent of FP. 
N Trig. Theor. 3 p. 73. as 1 (= Rad): w; A 
27 =: tbe 7 Tangent of EP. Hence 72 == 1 85 
8. by ReduCtion,f + mce=b. Q. E. D. Ar 


In this Demonſtration it is tacitly ſuppoſed, that fer 
the two Sices and their contained Angle are each vie 
acute, and fo it perde extends to only part of of 
the Theorem it was brought to prove; but if any of 
theſe Parts happen to be obtuſe, by writing their 
Coſines in the above Expreſfion ( fd + mce =) 2 
with” a Meere inſtead of an Afirmative Sign, 1% 
the Equ A 20 be adapted to that Caſe, and it 1 
will be found rhat the Theorem in all its Branches | w þ$þ 

* eyidently true. 


Conor. 


Since df,x cem is = b, and ſince if v be put e- of 
qual to the verſed Sine of. the Angle P, az will be ad 


equal to I—v ; we have, by ſubſtituting. this Ya gi 
lue, inſtead of mn, df + ce —cev = b: But af + Ci 
1s equal. to the Coſine of the Difference of the . re 
containing Sides; wherefore putting D for the Co- of 


ſine 


{ 2027 ] 
fine of the Piber PV. and OP, we have. 


D cu = b, . 1D ce. i, which Equa- 
tions in W fl | Un 


x | 
Multiply the ge 8 the Sines of the vg, 
Sides into the verſed. Sine of their contained A 
and to this Product add the verſed. Sine of the 
ference of the two Sides, the Sum fm een 
verſed Sine of 15 * Side ws. at 
THEOREM 
W / Sine of the Sam of the of the Sides 
ſubtra& the verſed Sine of their D ference, the 
Rectangle of Half the Remainder, and verſ 
Sine of the given Angle being added to the verſed 
Sine of the Difference of the Sides, gives the verſed 
Sine of the Side ſought. 9 
. © Prom which is deduced TRTOREM. XI. jon 
When all the Sides of any Spherical Triangle is, 
given, to find an Angle. : 
From the verſed Sine of the Side oppoſite to the 
Angle ſought, ſubtract the verſed Sine of the Dif- 
ference of the other two Sides; this Remainder dr. 
vided by the Exceſs of the verſed Sine of the Sum 
of the two Sides (including the Angle ſought) 
above the verſed. Sine of their Difference, gives 
twice the verſed Sine of the required Angle, 
In theſe two laſt Theorems, ſince there is no Quan 
tity which can from affirmative become negative, there 
will not be any Ambiguity in the Solution f Pro- 
blems wrought by them. 
Turok EN XII. 
In all Spherical Triangles, where there are g 
two Sides and their contained Angle, to find one 
of the other Angles. Divide the Sine of the Side 
adjacent to the required Angle by the Sine of the 
given Angle, and multiply the Quotient by the 
Cotangent of the Side oppoſite to the Angle ſought, 
reſerving the Product: Alſo, multiply the Tangent 
of the given Angle into the Coſine of the interja- 
cent, 


1.102 J 


cent Side; then the Sum of theſe two Products, | 
when the Side oppofite to the efiquired Angle'is 'ob= 


tuſe, and the given, Angle and interjacent Sine have 
alike Affection, of when the oppoſite Side is acute, 
and the interjacent Side and given Angle have dif- 
_ ferent Affections; and their Difference when the 
oppolite Side to the required Angle is acute, and 


oh) interjacent Side and given Angle have a like 


Affection, or when the Side oppoſing the * 
| ſought is obtuſe, and the given Angle and inter 


cent Side are of different N is the Co- 


tangent of the Angle deſired. 
f Or KELTY 
Deos T RAT io. | 

rig. Theorem 8. 
re and fd + cem = b, 123 by exterminating b, 
we have f*d + ten + 4e% = d. "Bur by Trig. Tee 


"ftv" A c; 1: — hence by writing 


_ — "for 2 in the laſt Equation, fd + feem ++ 


ener 


=> = d, which | multiplied by 5, after Tranſpo- 
ſition gives frems + enez. = di dt = dis 


which divided by e becomes  fems + cr. =, 


2 de — fem: 


— 
Ergo by * —_ 


die, or 012 = des — PEP ö 


= _ uy f = the Cotangent of the Angle O. 


2 E. P D. 
| 3 


hey is ==>, if v be put = the verſed 


Since 
Sine of the given Angle (P), m will be equal to 
1— , and therefore by writing this Value inſtead 


fb + aez = d, (ſee the laſt 


il 103 ] 
of u, the Equation will become Hl 


nc ==> 
but- de — fe is = D = the Sine of the Difference 
of the two given Sides; 3 conſequentiy 2 


is the Cotangent of the required 33 8 we 
have. n 
— XIII. 
Multiply together the Sine of the Side 
to the enquired Angle, the Coſine of that adjacent 
thereto; and the verſed Sine of the I Angle: 
When the Side adjacent to the Angle required is 
acute, add this Product to the Sine of the Difference, 
bat when obtuſe, take the Difference between this 
Product and the Sine of the Difference of the known 
Sides; and divide this Sum or Pifference by the 
Rectangle under the Sines of the given An 80 and 
of the Sine oppoſite to that required z the Quotient 
ſhall give the Cotangent of the Angle ſought, 


Tugox ZM XIV. 

* Spherical Triangle, where there are three 
Angles given to find a Side, multiply together the 
Coſines of the Angles adjacent to the enquired Side z 
if theſe. two Angles are of lite Affection, and the 
Third acute, or if unlike, and the Third obtuſe, add 
this Product and the Coſine of — third Angle to- 
gether ; but if the two Angles lying at the Extre- 
mities of the required Side be of the ſame Denomi- 
nation, and the third be obtuſe, or of different De- 
nominations, and the third acute; take the Diffe- 
rence between this Rectangle and the Coſine of the 
other Angle; the Sum or Difference in all Caſes di- 
vided by the Rectangle of the Sines of the adjacent 
— ſhall give the Coſine of the required Side. 


or . 


Druox- 


oy Met fe 


{ ro 4 1 
Damos RA T TON. 


Dy Trip. Hevrem 12. — 1 —5 and EE 
=. By che fit of theſe e Equations 4 is = 


TAR. 0 


Lapcg-femmdp — 122 D-, or anpes ger = 
Sfep = fen*sp but 1-—m* is = , and ſo of ep bb 
feepm®* fem, ergo nezmp & gnes = fepsn® ; which 
[Equation divided by u gives camp 4 ges fepsh, 
But by Tr; 8 as $:c:: 2:63 enge l 
= cp, Which being put for ze in the foregoing 
1 ＋ A5 makes camp + gp = fepin, which di- 
by cp, gives + pros ——_— 
— 7 — f. 
— 


Thus the Theorem ſtands when all — An a 

are acute, and hy changing the Sigus of the T 

wherein the Coſines are — from afirtianive dec 

to negative, as the Nature of the Caſe requires, It 

will be adapted to any deſigned Circumſtances, ad 

will evidently demonſtrate the verbal Theorem in a 

all its Parts to be true. Q. E. P). gu 
The Truth of this Theorem might have aw 8 

deduced in a more uſual and conciſe Manner from "= 

Trig. Theorem 8. by Help of Prin. 14. but oe 

thought this the more clear; and, upon actount of : 

ſome Diſputes concerning this Mater (vide Dr. 

KeilPs Euclid with Mr. Cum's Remarks) fince : 

this is the more uncontrovertable Method of the two, 

we choſe to make uſe of it z and the rather, be- 

cauſe we imagine it to be new, and to comport bet- 

ter with our Algebraical Manner of Procedure. 0 


From | 


þ [ 1%] 

From theſe Theorems which have been already 
demonſtrated, may be deduced ſuch as follow, and 
hat by a bare Reduction, which as they are chiefly 
f-rviceable to Alpebraica! Purpoſes, we ſhall not 
ſtand either to put into Words or to demonſtrate; 
but juſt hinting their Origin, ſhall leave to the Rea- 


der the Pleaſure of analytically inveſtigating them; 
ene 
ban df a Tha c 
7 = 18 From Theorem $. 


Tazoxex XVI. * 


MEET From Theorem 12: 
C 760 


Or Tanzoxem XVII. 
: A gherein $ is=ms + te =the Sine of | 
the Sum of the Angles P and O, and v = the 
verſed Sine of the adjacent Side (PO). This is 
deduced from the laſt. 


Takonzi XVII.. 
1 V 5 gain'd. From the 14th. 
Where V verſed Sine of the Supplement of the 
Sum of the Angles P and O, and v = the verſed 
Sine of the adjacent Side (PO). 


= Tazontu * 
. Nr N 
" 3h 95 " * F ns 


Tauzoazu - N 
e _ mefach 
7 | _e 


20 
—_— 


yp 2 NS. wa 


'TuEOREM XXI. 


2 ber p andy is put for the Sine 


23 


7¹ | 
and Coſine of the Angle PYO. 


| Tnxzoxzm XXII. 
- — where @ and 5 is put for the Sine 
and Coſine of the Side YO. 
Note, Theſe four laſt Theorems are eaſily obtain'd 
from the 8th and 12th. | 


'Tis thro' all theſe Theorems ſuppoſed, that the 
ſeveral Parts of the Data are acute; but if any are 
otherwiſe, the- Signs of thoſe Parts of the Equa- 
tion where the Coſines of the obtuſe Parts are con- 
cerned muſt be changed, as we have before directed. 

Having finiſhed the Theofy of the Algebraical 
Part, we ſhall now in a few Words diſpatch that 
which concerns the common Methods of Solution. 


And firft then, The given oblique-angled Triangle (in 


the Cafes falling without the Reach of Tig. Theo- 
rem 7. Except in the two laſt Caſes, where it will 
be ineffectual) muſt be divided, by a Perpendicular 
let-fall from the End of a Side given, adjacent to an 
Angle given, oppoſite to that Angie, ond fling upon 


ſome Point of the Side required, or its Continuation, 


and, if it may be, oppoſite to the Angle ſought, into 


two right-angled Triangles, in ſuch a Manner, that 


two of the given Parts may lie whole and entire in one 
of the Triangles, and ihe Third entire in the other, or 
elſe Part in one and Part in the other Triangle, - 
Then beginning in that Triangle of the two 
right-angled ones, wherein there are two Things 
given, find (by the Theorems belonging to right- 
angled Triangles) that Part of the Third given 
Thing which lies within this firſt Triangle; or if no 
Part of it lie therein, tha; Part lying in the ſame Sine, 
| . or 


L 
ne 
th 


— __F_r7 | 
or belonging to the ſame Angle, whereto the ſaid third 
Part belongs. : 

Then taking the Sum or Difference, as the Caſe 


requires, of the Third Part, and the Side or An- 


thus found, you will have one Thing known 
in the ſecond Triangle; from whence, and the 
Data in the Firſt, the Thing ht may be found 
by Help of ſome of the Four following Theorems. 


| | Txzoxem XXII. 

A Perpendicular being let fall from the vertical 
Angle of an oblique-angled Spherical Triangle, 
upon the Baſe, it ſhall be, as the Cotangent of 


one Leg: is to the Coſine of that Part of the ver- 


tical Angle I next to it:: ſo is the Cotangent 


of the other Leg: to the Coſine of that Part of the 
vertical Angle adjacent to it; that is, a8 6, VP: cs, 
Ang. NP: : a, OV : cs, Ag. OF. Et contra. 


* agg yon | 2 61 
By the Reverſe Expreſſion of Trig. 
Theorem 3. as cs, Ang. VP: 1 (Rad.) :: fo is 
ct. Y ; . 
ct, VP: to - 0, / ao t, VF. Again, from 
the ſame, as cs, Ang. OF: 1 (Rad.) :: ct, OV 
et. OV ct, VP 


to g. ON © the 2, VF, 80 Jing. VP 
— 2 VP len, Ang. OVF = ct, 


ts, Ang, UD r 2 | 
OY tes, Ang. Vp; or in Analogy, as ct, VP; 
c, Ang. UP: : ct, OV : cs, Ang. OVF. Q. E. D. 


Tauzoxtenm XXIV. 

Things being as before; as the Coſine of one 
Leg : to the Coſine of the Segment of the Baſe 
next to it:: ſo is the Coſine of the other Leg: to 
the Coſine of the 8 of the Baſe adjacent 

2 


thereto, 


thereto, viz. as cs, VP: cs, PP: : cs, OV: 5, OF. ing 


Et contra. tha 

DEMONSTRATION, S, 4 

From Trig. Theorem 6. as cs, EP: cs, VP:: Rad. | 

cs, VP #4 | 5 

4 - 1) c FP = the Coſine of VF. And by = 
the ſame as c, OF: c, O:: Rad.(=1) : to 

cs. OV ab Celine of BY p 1 £*: VP by 

„ ine © „% th 

= == and cs, VP Xs, OF = C5, OV 2%, FP ; * 

wherefore in Proportionals, as c, VP: ct, FP : : „ 

c O , O 'Q. ENR 1710 At 

1 PE var | | in 

' TnrorREM XXV. co, 


As the Cotangent of one Angle at the Baſe : is 
to the Sine of the Segment of the Baſe next to it:: 
ſo is the Cotangent of the other Angle at the Baſe: 
to the Sine of its adjacent Segment of the Baſe, viz. 
as ct, Ang. P: 3, PF, : : ct, Ang. O: 5, OF. Et 
contra. | „CFC 
DxzMONSTRATION,® 

By Trig. Theorem 2. as 1 (= Rad.): the Sine of 
FP :: t, Ang. P: 5, FPXt, Ang. P =, of VF. 
And from the ſame, as 1 ( = Rad.) : 5, OF:: t, 
Ang. O: 5, OFN, Ang. O = t, of VF: Hence s, 
FP Xt, Ang. Þ = 5, OFX t, Ang. O, and fo in 
Analogy, as 1, Ang. P: 5, OF:: t, Ang. O: 5, 
FP; but the Tangent and Cotangent of an Arch 
are Reciprocals ; therefore, as ct, Ang. P : s, FP: : 
ct, Aug, O:s, FO. Q. E. D. 15 | 


TnarOREN XXVI. 
As the Coſine of one Angle at the Baſe: is to the 
Sine of that Part of the vertical Angle lying towards 
it:: ſo is the Coſine of the other Angle at the Baſe 
: to the Sine of that Part of the vertical Angle ly- 
Potts hr" ing 


1109 
ing on the ſame Side the P 
that is, ma 8 2 
„ Ang. O . 


—— 
1 Trig. Theorem 4. as 5, Ang, B : Cs, Ang. 
cs, lng. P 
'1 ( = Rad.) : VP = of V; and 
a the ſame, as s, Ang. OF: cs, Ang. O:: n 
et. Ang. O of 
( re Ihe ore cs, aa wherefore 
cs, Ang cs, Ang. | 
5, Am. VP 5, Ang. OVP and cu, Ang, PF 5, 
Ang. OF = cs, Ang. OX s, . V; therefore 
in Proportionals, as cs, 5% Ang. NP:: 
cs, Ang. O: s, Ang. OVF. GE D. 


| 8 


F 
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F * * 4 * - 0 37 
| 
” % * 0 | $ # # 0 ++ 
i a . . 
* * 
E. 
pan 
" 4 


The Solution of the Twelve a of oblique- 


angled Spherical Triangles. 0 


"CASE . 


Given two Angles, OP = 86 it and OPY = 
80%: 1a“, with a Side OV = 80: oO, oppofite 


to one of them, to Sud the Side b. 2 to the 


mer 


3 


ALozs: RAI- 


| CALLY 

from Theorem 
7. as u: 4:: EF b/a ad 
= = c = the | 


Sine of VP. 


f 
Oz. 
Logaritbmically by te om Theorem 
As "a Sine of — A 
= 80®: 12/. * Comp. Arithm. * F 0.0063840 
3 = Sine of the Side OV _ 9.9933 5165 


th f th le YOP 
3 00 - — : 9. 9990357 57 


d 
FD = * 100 of the e required Si 5 9.9 I 


® The Complement Avithmetical of any arithm is found * 


beginning at the left Hand, and taking each Figure out of Nine 


but the laſt towards the right Hand out of Ten; or by begin- 
SINCE 


N 


r] 


Since by Princip. 5. the greater Side ſubtends 


the greater Angle it may ſometimes (as in this 
Example) be from thence determined, whether the 
Arch found be the required Side or its ; Supplement z 
or rather whether the Arch found in the Tables 
(which may be called the acute Value) or its Sup- 

plement to 180® hoy may be ſtiled the obtuſe 
Value) may one ſingly, or either indifferently, be 
taken for the Side required 3 but*tis oftentimes am- 
biguous; to know when it is ſo and when 7 
following n 5 


wy RI E 

To che acute Value of the Side ſought, and alſo 
to its obtuſe one, add the given Side; if each of 
theſe Sums have the ſame Affection with the Sum 
of the two given Angles; then may either the 
acute or obtuſe Value of the required Side be ad- 
mitted; and therefore it is ambiguous: But when 
only one of theſe Sums has the ſame Affection with 
the Sam of the given Angles, then that Value on 
of the Side opght (whether obtuſe or acute) Sc 
produces a Sam having the ſame Denomination 
with the Sum of the ſaid Angles, is to be admit- 
ed; and ſo there is, in that Caſe, no Ambiguity, 


at the t Hand, and ſubtraQting the whole from 10,0085 c: 
2 Analogies, where the Ra- 


it 1s ver 
ads is not concerned uſe it turns the Subtraction of the 
firſt from the Sum of the Second and Third, into an Addition 
e eee - 


1 


e 


CASE II. 


Given two Sides, OV = 80: oof andVP = 
8 :42', with an Angle, OP = 80: 12 

7 to one of them; to find the Angle VO 
P, oppoſite to the other. (Vide Fig. the laſt). 


"A -GEBRAICALLY., Bythe Lover- 
cn 


ſion of Theorem 7. 2384: ct = Ss = 
the Sine of the required Aug. YOP, 30k 


Zy the Logarithms, 1 the Inverſe of the ſams./- 
12 a heorem. ; * 48 
As the Sine of the Side OY = 2 0 

80: oof, Comp. Arith. FI $ 0.006648 5 
Is to the Sine of its oppoſite An- WT 
gle OPY = 8: 11 9.9936160 
So is the Sine of the Side YP =? 9.59857 5 


85* : 42 
; T JT (41 — ' 
o the Sine of the ired Ang. | © 
Ein * 9.99 
6 * a e. n 


In this Caſe, as in the laſt, it may ſometimes be 
known, by Help of Princ. g. whether the Angle 
ſought be the Arch taken out of the Tables, or ita 
Supplement to a Semicircle, tho' it frequently is 
ambiguous; when it is ſo, and when not, may be 
diſcovered by the Rule ſubjoined to the laſt Caſe, 
mak ing a proper Change in the Words, to accom- 
modate it to the preſent Data. 


Pf 


* 


EASE 


1131 


by 4 — 3 8 ; — — 4 — 
— —— 4 


— — — 8 


CASE III. 


Gives two Sides, and their cats Angle; 
to find the Third Side. 


ExamMPLe I, 


ET the Side OP be = 72: oOo, OY = 
L 52*: oo and their contained Angle YOP 
— 4 : oo, to find the third Side YP, 
Algebraically, Since the Parts given are all 
acute, by Theorem 8. aez + bf d= the Coſine 
of the required Side YP. 


— 


By Logarithms, according to the Direction of the 
| ſame Theorem. 


Side OP==720 : oo“ L. s. 9.9782063 L.c. 9.4899824. 
Side OY==52 : oo L. 8. 9.8965321 L. G. 9.7893420 


A. 70549 : oo L. c. 9.8 169429 Sum 92793244 


— — —ñ— 


Sum 9.691681 3is N. No. 1902499 U 


Anſwering Nat. Number is 4916786 = ge N Add, becauſe the 
Rect. of the Coſines is .1902499==bf/ Data are all of the 
n 3 me Affection. 
Sam 6819285 the Nat. Coſ. of P 
— — 4759: od 


{ 114 ] 
ion, according to the ſame Theorem, by the 
Operation, — . „ by 


Side OP= 720 : oo 
Side OF == 52, : 00 
e 1—— 
Sum 124; ο Nat. Coſine . 5 591929 


Diff. 20: o Nat. Coſine 9396926 
| Sum 14988855 


half Sum 7494427 (per Rule 2. p. 


79) to a the 
et. of the 
Sines of OP 


half Difference 1902498. (per the ſame 

. —— N 
the Rect. of the 
Coſ. of OPand 


Now ae (=. 7494427) the Rectangle of the Sines 
of the two Sides being multiplied by (. 6560 590) 
the Nat. Coſine of (49: oo) the contained Angle, 
produces. 4916786, which added to hf (. 1902498) 
the Rectangle of the Coſines of the Sides, makes 
68 19284, = the Nat. Coſine of the Side ſought; 
to which anſwers 45: oO, as before“. | 


Logarithmic Operation by Theorem 9. 
Log. Sine of OP= 722 : oof | 9.9782063 


Log. Sine of OV==52 : 0 9.8965 32t 
Log. verſ. S. of Aug. YOP==49: oo 9.5 364840 


Sum 9.41 12az4 Anſwering 
| —— Nat. Numb. 


2577640 


N, B. The Product of azz may truly be found by Addition 
and Subtraction in the following Manner, viz. F 
- Side 


Sur 


(31g ] 
Side Op 720: 00 
Side OV = 52 : 00 

The Diff. is 20 : 00 Nat. V. Sine 0603074 


Nat. Numb. juſt found is .2577640 
— 
Sum is the N. V. Sine of PY==47* : 00 .3180714 


By letting fall a Perpendicular. 


The Perpendicular V being let fall from the 
Angle Y, upon the Baſe OP, in the right-angled 
Triangle OBE. are known OP and the Angle 


has Wherefort by Theorem 3. 
5 
2% . Ga of the Angle * po 2 
"2 is $4 Tangent of the Hypo- e 
thenuſe OP = 52: 00! | Mk 
| — ——— 


To the Tangent of OF 40: o "HIND 331 


To 124% = Sum of the Sides OP and OP: 
Add 49 Ang. P 


Sum 173 N. cs. 9925462 
— 


Diff. 75 N. cs. „2588190 


The Diff. 7337272 
And alſo to 200 their Difference 4 
Add 49 = Ang. POV. 


Their Sum 69 N. Cs. =, 53583679 
Diff. 29 N Cs. = „8746197 


Sum 1.2329876 
Then 3 of ,7337272 + 1,2329876 az 44916787 ax. 
Q 2 Now 


1 
Now OP = 7%: oo, made leſs by OF = 
40% o1', leaves FP = 31*: 59; whence, 


By Theorem 24. 


As the Coſine of OF= 4⁰⁵ 010 

Comp. Arith, 0.1158 521 
To the Coſine of OY= 52 : of 9. 78 93420 
So is the Coſine of FP= 31*: 59 9. .92 54994 


To the Coſine of VP required = 
47%: oo, as before 7 9.8336935 


EXAMPLE II. 


Let the Side OY, in the adjacent Triangle, be 
= 71: 50, PP = 387 127 and their contained 
Angle OYVP = 145*: 10% to find the third Side 
OP, 


Legarithmic Operation by Theorem 9. 


Log. Sine of YO = 7e 50 4 ek be 
Log. Sine of Y P= 58: 12 293644 
Log. * Sine Ang = 145: 10 5 - 02664. 
sum 10. 1674243 
Anſwering, Nat, Number "1; 147033622 
pd * 98 
Diff. 15: 38 Nat. Verſed Sine 02817 59 
Nat. Numb. found add 14703622 
The Sum is the Nat. Verſed Sine of 
119: 54 > 1.4985381 


By 
* 


1171 
By letting fall a Perpendicular. 
A Perpendicu- | 

Jar rn let fall | X 
from the Angle P 
upon the Side OV 
produced, in the 
Right-angledTri- 
angle VF will be | 
krown VP = 58®: 12/, and the Angle F 
the Supplement of the Angle OVP = 180% —- 
145 : 10 34: 500; wherefore, 


— . 


By Theorem 3. 
As Radius 10. 
To the Coſine of Ang. FVP= 2: 50 9. 9142464 
So is the Tangent of YP= 58:12 10. 2073899 


To the Tangent of YF g2* : 560 10.1218363 


Now VF added to OV, gives OF 124* 46; and 


by Theorem 24. 


As the Coſine of Y F= $2® : 56 5 | 

Comp. Arith. * asg 
Is to the Coſine of /P= 58 : 12 9.7217742 
So is the Coſine of OF = 124* 46 9.7 560544 


bir > 8 of * Side FENG 9.697598 


When the two Sides are of the ſame Kind, and 
their contained Angle acute, the Side ſought is leſs 
than a Quadrant ; but greater when the Sides are of 
different Affections, and the Angle obtuſe: In o- 
ther Circumſtances, if the Things from whence the 
Triangle is taken do not inform you of the Affec- 
tion of the Side ſought, the beſt Way will be to uſe 

Theorem 


c *- 11-2885 7] 
Theorem the gth, which is ſo contrived as to take 
away all Ambiguity, rather than the Method: of 
letting fall a Perpendicular. . 


This Caſe is of immenſe Uſe in finding the Di- 
* ſtances of Places upon the Earth, by knowing their 

 Latitudes and Difference of Longitude, and of 
Stars, by having their Longitudes and Latitudes, 
or right Aſcenſions and Declinations; and to all 
theſe Purpoſes Theorem 9. (which I invented ſome 
Years ago) ſeems beſt adapted ; but above all, this 
Theorem is of excellent Uſe in calculating the Sun's 
Altitude at all Hours; for it finds, by a very eaſy 
Operation, not only Altitudes at every Hour or 
Minute of a Day when the Sun has a given Declina- 
tion, but at the ſame Time, its Altitude at the ſame 
Hour or Minute on the Day when the Sun has the 
ſame Declination on the contrary Side of the Equa- 
tor; fo that if any induſtrious Perſon have a Mind 
to compoſe 'Tables of the Sun's Altitude for any 
Latitude, we preſume he cannot eaſily meet with a 
_ expeditious Rule to compute them by than 
this. 

The Rule is, Add together the artificial Coſines 
of the Latitude of the Place and Declination of the 
Sun; the Sum call a fixed Number for that Decli- 
nation, and thereto add the Logarithmic Verſed 
Sine of the Hour from Noon; and find the Natural 
Number anſwering to this Sum, which add to the 
Natural Verſed Sine of the Sun's Meridian Zenith 
Diſtance on the given Day, and it will give the 
Natural Verſed Sine of his Zenith Diſtance at 
the Hour propoſed. oe" | | 

Example. Let it be required to find the Altitude 
of the Sun when he has 23®: 29 North and South 
Declination, at two and five o'Clock in the After- 
noon, or (which is the ſame) for the Hours of tp 

| an 


11191 | 
and Seven in the Morning, in the Latitude (518 320 
of London. 


Log. Coſine of 51 32 the Lat. 9. 7938 31 a 
Log. Coſine of 23 : 29 the Decl. Sun 9. e 


Fixed Number 9.7 62864 
Log, Verſed Sine bs the Hour: wigs) 9. 1270224 


oon 305 
— ü — 


— 9 8.88 33068 
Anſwering Nat. Num. 
SummerMeridian Zenith Diſtances {44 2 
03“ Nat. Verſed Sine N 14174624 
Nat. Numb. 1 add n © 64376 


+a www ©» wa 


Gives the Nat. Verled Sine of 36 ?þ 
17 his Summer Zenith Diſt, at 
2 and 10 


Winter Meridian Zenith Diſt. ; 
oi! Nat. Verſed Sine a ales 
Nat. Numb. found add 076 437 


: — — 
Gives the Nat. Verſ. Sine of 10: 29/2 
the Winter Alt. at 2 and 10 7 rer 


For the Altitude at 5 and 7, the Stacie be 
ing the ſame. 


Fixed Number 7563 
Log. verſ. Sine of 75 Time from Noon 4 89527 


1 | | 96262086 
Anſwering the Nat, Numb. 4228716 


This 


120 ] 

This Number added to the verſed Sines of the 
Summer and Winter Meridian Zenith Diſtance a- 
bove reſpectively, gives. 5403 340 and 1164333653 
wherefore the Summer Zenith Diſtance at 5 and 7, 
is 62: 387, and becauſe the other Number is greatct 
than Radius (which informs us that the Sun 
is below the Horrizon) the Winter Depreſſion at 
at thoſe Hours is 9: 28'. The Reader may com- 
pare this with the ſame Example wrought in Haw- 


nes Trigonometry Pag. 146. 


ee Ms. 


CASE IV. 


Given two Sides OP = 72* : oo and OV = 

. 52*: oo, with their contained Angle VOP 

= 49*: oo; to find one of the other An- 
E. 7 


f LSEBRAI- V 

err 

By Theorem 12. 

— = =] Or 

4 1 

4 being put = 
verſed Sine of the | 
zivenAng.O, and . 7 
= | O n 
the Sine of D + afv 


the Diff. of PO and OP, by Theorem 1 


[1211 
Logarithmic Operation, by Theorem 13. 


OV==520: oOo LS. 9 8965321 OP. oo. 
> O==49 : oo L. s. 9.877799 OF==52 : co 


Sum 9-7743120 Diff. 20 : O0 L. s. 9 5340517 
R —— — t | 
Sum (juſt found) ſubt. 97743 120 


ęk— — —ñE—éd— 


Diff. 9.7597 397 


Anſw. Nat. Numb. 5750947 
37 O= 49, : 00! L. ver. 3. 9.5 364840 n 
OP-= #72 : 00 L. Coſine 9.4899824 


Their Sum 9.0264664 
Ang. O=49 : 00 L.s, ſubt. 9.8777799 


Diff. 9.486865 N. N. anf. 1408272 
7159219 


— — — — 


Theſe two Nat. Numbers being added, give the Nat. 
Cotangent of Ag. P=54® : 24* 8 
| By letting fall a Perpendicular. 
The Perpendicular V being let fall from Y upon 
OP; in the right- angled Triangle OY Fare known 
OY and the Ang. O, to find OF; wherefore 


By Theorem 3. 
As Radius 10. 


he Coſine of Aug. FG 
5 Coſine o Ang YOP 7 9.8169 429 


So is the Tangent of the Hypo- # 
thenuſe O = 52? : O | 5 lin 


1 * „ 


—B 


To the Tangent df OF= 40%: 01 9.92413;1 


Now the Difference between OF and OP, 5. 6. 
31: 5) is = FP; therefore from Theorem 25. 
inverted, 


2 „ R As 


e | 
As the Sine of OF = 409: ol 

Comp. Arith. , $ 01917820 

*. _ Cotangent of Ang. O = 7 9.9391631 
So is the Sine of FP=31*: 59 9.724007 


To the Cotangent of Arg. P E 9.8549526 


54˙: 24, as before. 


The Affection of the Arch lying between the 
given Angle and the Foot of the Perpendicular, 


may be known from what is ſaid in Caſe 3. Var. 1. 
of right-angled Triangles; and comparing this 
Arch with the Length of the Side upon which the 
Perpendicular is deſigned to fall, it will be known 
whether the ſaid Perpendicular fall within or witb- 
out the Triafigle ; if it fall within, the Angle 


ſought has the /ame, if without, a different Aﬀec- 


tion to the given Angle (vide Pinc. 18.) 

Alſo the Affection of the Arch lying between 
the Foot of the Perpendicular and the unknown 
Angle being determinable, and the Perpendicular 
being ever (by Princ. 16.) of the ſame Affection 
with the given Angle oppoling it, from theſe 
(by Princ, 17.) the Affection of the third Side 
may be known, and ſo (though it happened to be 
omitted there) all the Ambiguities of Caſe 3, re- 
moved, in the Method of letting fall a Perpen- 
dicular. | 


CASE 


OW 


[ 123 ] 
— — — — —— — 
| CASE v. 


Given on Angles P =80*: 12! and O=865: 11 
with their interjacent Side OP _ 104®: 18/0 
to find the other Angle V. 3 


Log BRAI- 
CALLY. : * 
By Theorem 14. 


2M 4+ q 
n =f 3 


this 1s when 
each of the 
given Parts are 
acute, bur be- 
cauſe OP 1s 
obtuſe F muſt OZ | 
- pa 2M 
have a negative Sign, and ſo = = — f, and 


an 
by Reduction 2m + = fin, or = — fins — 
m, i. & — 4 8 zm, which ſnews the Angle 
ſought to be obtuſe. 


Logarithmic Operation of this Equation. 
Ang. O=869 : 11' L.s, 9.9990359 L. Coline 8.8232404. 
Ang. P=80 :12 L. s. 9.99z6160 L. Coline 9.2309838 


S.OP= 104®: 157 L. . 9.391205 Sum 80542242 
Sum 9.3838574 Anſ. N. Ne. .0113298 


Anſ. Nat. No. 2420234 fu 
0113298 


2533532 == the Nat. cs. of A. 
— — Y 0:4. 


— —— 


''R 2 This 


6 - 


I 124 
This Caſe may be ſolved in our Method by the 


Natural Canon, after the Manner that Caſe 3. was: As 
But it is by much the eaſieſt ſolved by the Help of the 144" 
verſed Sines from Theorem 18. [s 
80? : 
By letting fall a Perpendicular, So 
The Perpendi- H': 
cular OF being Fry 
Jet fall from O | - T 
upon the Side. 73 
IP produced; in 
right-angledTri- who! 
angle FOP, are befor 
known the Ang. 1 
P and Side OP, penc 
conſequently by Theorem 5. lug 
As Radius 10. Tri 
To the Coſine of the e tan 
nuſe OP=104: 15 7 9.391205 ben 
So is the Tangent of Ang. P Kin 
80: 127 "I 10,7626322 Per 
Bec 
To the Cotangent of FOP = . "i will 
| 144" : 57 | I» 10.1538379 and 


. Ang, OVP = 86: 


— — — — 


Diff. 58. 46 = Arp. FOr. 


adſy, 


[ 225 ] 
2dly, By — 1 . 26. 
As the Sine of Ang. P == 
144* : 57%. Comp. Arith. F 0.2408679 
Is to the Coſine of Aug. P * 
80»: 12 | | 9.23098 38 
p ” 4+ the Sine of Ang. * : 9.9 319980 


To the Coſine of Ang. OF 2 
„ 2M F 94038497 


whoſe Supplement to 180 is 104* : 41 = Ang. V as 
before. | 

The Affection of the Angle (FOP) at the Per- 
pendicular will always be known from what is 
ſubjoined to Var. 3. of Caſe 3. of right-angled 
Triangles ; now when this Angle (FOP) is leſs 
than the given Angle (YOP) adjoining to the Per- 
pendicular, the Angle ſought ſhall be of the ſame 
Kind with the given Angle (VO) oppoſite to the 
Perpendicular, 'but when greater, of a different. 
Becauſe in the former Caſe the Perpendicular ( FO) 
will fall within, in the latter without the Triangle; 
and therefore (by Princ. 18.) &c. 


—_ 


CASE 


Bs [661] 


— — 


0 CASE VI. 


Gioen two Angles, = $0 : 12/ and O 
. $6227, with 2 inter jacent Side OP 
Tp : 1503 ; wakes of the other Sides 


LGEBRAICALLY, By Theorem 
—— 
or if be put for the ver- 


* * 


16. 


bel Sine of Or, then 1 — v = f, and ? = 


qmm + NZ S- 


TI — = . See Theorem 17. 


M$; + I 


By * fall a Perpendicular, 


Drawing P P F 
perpendicular 

O5, or its 3 
ation; in the right 
angled Triangle 
OFP are known 
Ang. O, and the 
Hypotheauſe OP; therefore by Theorem 5. 


As 


nuſe 


I 

As Radius — 10. 

To the Coline Wes 9.39 205% 
So is the 


4 


To the Cotangent of OP 
tete, * a PF, oro 


— 


Ang. OPY = $0: 12 e 


1 
— — — 


Diff. 84: 38 Ang. V.,. 


Then by Theorem 23, inverted, 
As the Coſine of rg. OPF A 0.0153967 


164: 500. Comp. Arit 
Is to the Cotangent of OP = 


104® : I 4 94947784 
5 Coſine of Ang. YPF= 8. — 
To the Cotangent of the Side TA . 


— 


The Angle OPF) at the Puna wall ever 
(by Cor. 2. Pris. No) OY as the 
given Side (OP) and the given Angle Op) op- 
polite to the Perpendicular are of t 2 or of a 
different Affection; and, whether the Perpendicu- 
lar fall within or without the Triangle, the Side 
ſought ſhall be acute or obtuſe, according as the 
given Angle oppoſite to the Perpendicular, and the 
Difference of the two Angles at the Perpendicular _ 
(o wit Ang. VP) are of lite or unlike Affections. 


CASE 


[ 128 ] 


8 — _ me 


M3. — 


CASE VII. 


Given fro Sides OP = : oo and OY = 
Sa: o with an Angle P 54*: 24 po- 
fite to one of them ; to find the Angle VOP 
contained between them. 


LGEBRAICALLY. Put p and q 
for the Sine and Coſine of the Angle 


OVP then by Theorem 14. — F and 


* 25 ⁷α = anf and 2 ＋ m =bp *, 


m + m = sfum and q'2 + qm = bipe, and by 

exterminating am we have m*2z — 2 = wy — 
2 fum—bp 

bsp 7 0 7 $44 —— 
fum— 2m —2 ph 

7 — 2p — 23 

the right Sine of an Arch double to that of the An- 


gle OPY, whoſe verſed Sine = 2 call v; and 
put 297, which is the right Sine of an Arch, double 


„or which is che ſame f > = 


Put aum P, which is 


to that of the Angle OYP, =, and its verſed 
the Co- 


f 2 FPÞPf—IHb 
Sine (= 2p*) = v, then will 5 o—__ 


tangent of the N POV. 
Note, As a: n:: e: p, which is the Sine of the 
Angle OVP. 


25 


[ 129 ] 
By letting fall a Perpendi, b 
Letting the F. * — 


Perpendicu 
lar OF fall 
from O up- 
on VP or its 
Prolongati- 
on, in the 
Triangle F 
OP, right- 
angled at F, are given Ag. P and Side OP 3 con- 
ſequently by Theorem 5. 

As Radius 

To the Coſine of the Hypothe- 


10. 
nuſe OP y: o 1 7 2. 4899824 
So is the Tangent 77 
54%: 4% = 10. e 


| An FO. 
5 of Ang. 5 5 POO 


| Apain, by Theorem 23. mn 
As the Cotangent of 8 
; 1 : ow Comp, Ih 0. 4882240 
Is to the 78 Ang. * 9 59897 54 
So is the "7. of O ws 98928098 
t A g. — 
To e * ng Fo 2 99791098 


— —ů— — 


Diff. 49:01 the required Ang. YOP. 


— — 


or rather 4F : oo (vide Caſe 4.) 
S 


— 


In 


[ 230 ] 

In the Solution of this Caſe the Affection of the 
Angle (FOP) at the Perpendicular will always be 
known, as being acute or obtuſe, according as the 
Side OP and Angle P, are of the ſame or different 
Kinds; alſo Aug. FOY will be acute or obtuſe as 
Ang. P and Side OY are of the ſame or different 
Affections: But VP, the Side upon which the Per- 
pendicular is deſigned to be let fall, being unknown, 
it cannot be determined whether the Perpendicular 
falls within or without the Triangle, nor therefore, 
in ſome Circumſtances, whether the Sum or Diffe- 
rence of the two Angles FOP or FO conſtitute 
the required Angle YOP; but obſerve, if the Ang. 
FO / be leſs than FOP, and the Sum of theſe two 
Angles (FO and FOP) leſs than two right An- 
gles, then Ang. FO. either added to, or ſubtracted 
from FOP, will give the Angle YOP ; which there- 
fore is ambiguous. But if FOY be not leſs than 
FOP, or the Sum of FOY and FOP not leſs than 
a Semicircle; then their Sum in the former, and 
their Difference in the latter Circumſtances, ſhall 
give the ſingle Value of the Ang, OP, which then 
is not ambiguous. 

It appears then, that this Example of ours is 
ambiguous, and ſo that the Angle YOP may be 
accounted 84® : 17! as truly as 49® : oo; and from 
hence we may infer, that tho* Caſe 4. be not ambi- 
guous, yet there are two Angles (to wit 49® O0 
and 84%: 17') either of which uſed along with the 
ſame containing Sides (52: OOo and 72* : od )will 
give the required Angle (P) of the ſame Number 
(34 : 24') of Degrees: And ſo of other Examples 
of that kind, 


CASE 


[2131 ] 


1 


— 


CAS E VIII. 


Given two Angles VOP = 490: oO and OP 
= 54*: 24, with a Side OV = 52* : oo 
pofite to one of them; to find the Side included 
between them. 


abz—cam oY  abz—2cam 


r Ac Put the Sine 
of twice O (=24b) A, its verſed Sine ( 24") 
v. The Sine of twice YP (=2cd) =B, and 
the verſed Sine (Sa-) call », then will 7 == 

e 
 Az—Bm 


UV_—_ 


LGEBRAICALLY: By Theorem 22. 
A/ 
"agus 


the Cotangent of the Side OP. 


Note, To find V, ſayasn:a::5: ine 
of YP. b n 


By letting fall a Perpendicular. 


Here becauſe 
the Angles O 
and P are both 
of a _ the 
Perpendicular / 
F, Ee fal from / 
(by Prin. 18.) 
falls within the 5 
Triangle. Now O 
in the Triangle YO are given YO and Ang. O 3 
wherefore by Theorem 3. 


S2 As 


[132] 


As Radius 3 _ 10. 
Is to the Co . VOP = 

49? : 0 Ky OT 8 7 9.81694 29 
So is the Tangent o ypo- 

thenuſe O = 2: o 5 10. 1071902 


E To the Tangent of OF= 40? 017 9.9241 331 


Again, by Theorem 2. 


As the Cotang. of Ang. VOP = 
49% : oof Comp. Arith, C 00608369 
Is to the Sine of OF =— 


40 201 | c 9.8082180 


So is the Cotangent of Ang, Y PO 
5 364 4 5 e 
To the Sine of FP * = 
31:59 5 5 97239253 
OF = 49 : or by 


Sum 52 : co = OP ſought, 


—— * 3 


The Aﬀection of OF may always be known, as 
being acute or ob1uje, according as the Side OV and 
Ang. O have a like or unlike Affection; alſo be- 
cauſe the Angles O and Pare both given (by Prin. 
18.) it may be known whether the Perpendicular 
(VF) fall within or without the Triangle; but the 
Affection of FP can no way be determined univer- 
ſally, and therefore this Cafe will often be ambigu- 
ous; to know when it is ſo and when not, take 
theſe Rules, | 

1. When the Perpendicular falls within the Tri- 
angle, that is, when the two given Angles have 
the ſame Affection. 8 | 


To 
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To the acute Value of FP, and alſo to its obtuſe 
one, add OF; and if each of theſe Sums is leſs than 
a Semicircle, then either the acute Value of FP, or 
its obtuſe one added to OF, gives the Value of OP, 
which then is ambiguous. But when only one of 
theſe Sums is leſs than a Semicircle, the acute Value 
of FP added to OF gives only the Value of OP, 
which then js not ambiguous, 

2. When the Perpendicular falls without the Tri. 
angle, i. e. when the two given Angles are of dif. 
ſimilar Affections, : | U 

When the ob1uſe Value of F is leſs than OF, 
OP will be had by ſubtracting either Value of FP 
from OF; and then (OP) 1s ambiguous: But when 
the obtuſe Value of FP is not leſs than OF, the acute 
Value of FP taken from OF leaves the only Value 
OP; which therefore cannot then be ambiguous. 


— 


CASE IX. 


Given two Sides OV =71* : 5! and OP = 
1195 7 54, with an Angle OV P = 14 5*: IO 
oppoſite to one of them; to find the third Side 
VP. 


A Loe rRRNAI- 
UBS - 
By Theorem 20. 
a efm—abq 
22 comp" or 
c e—4 
* 
ſince f and ꝗ in 


this Example are 92 


put for the Coſines of obtuſe Arches © = Pa 


Now if A and v be put for the right and verſed 
| Sine 


1341 
Sine reſpectively of that Arch which is double the 
Number of Degrees to that which þ is the Sine of, 
Band v the right and ver. Sine of that Arch which 
is double to that which F is the Sine of, then we 


| d Am 
have 7 = = the Cotangent of VP. 


By letting fall a Perpendicular. 


The Perpendicular 
OF being drawn to 
PY produced, in the 
Triangle FVO, right O 
—_— ON F, are 

nown the Hypothe- 
nuſe OY = 19 
and the Angle OYF 
2145: 100; hence 
by Theorem 3. 


As Nadius | 10 


To the Coſine of Avg. VON 
145®: 100 ry ha 7 9.914464 
So is the Tangent of the Hypo- 
thenuſe 0 yrs 500 hy 5 10.483 9425 
To the 2: ent f EY = 
111*: 48 8 8 10. 3981889 


Again 


1 0 pe Cong. 3 
Is to 


Coſi : 
1 Nr 9.5698043 
Coſine of OP 
ml — * 1 9.976545 
. TEENY 
NOT 53 135 : 9.773605 
== 111: 48 Fr _ 


Diff. 58 5:31 13 = PP required. 


In this Caſe the Affection of FY will be known, as 
being acute or obtuſe, according as O and the An- 
gle OP have alike or unlike Affection, as alſo that 
of FP, it being acute or obtuſe, as the Angle OP 
and Side OP are of a ſimilar or diſſimilar Kind; 
but it can't univerſally be known whether the Per- 
pendicular OF falls within the Triangle or without, 
upon Y prolonged, and ſo whether YP and PF 
added together, or ſubtracted from one another, 
give the required Side VP: But obſerve, that it 
PF be leſs than VF, and alſo the Sum of V and 
PF leſs than a Semicircle; then PF either added 
to, or ſubtracted from V, will give the Value of 
VP, which therefore in ſuch Circumſtances is ambi- 
guous. But if F be not leſs than YF, or if their 
Sum be not leſs than a Semicircle, then their Sum 
in the former, and their Difference in the latter Caſe, 
ſnall give one ſingle Value of V, which then is 
therefore not ambiguous. 


CASE 
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CASE Xx. 


Given tuo Angles, VOP = 49: oo and YO 
54: 24 with a Side, OV = 52® : oO 
oppoſite to one of tbem; to 2 the third Angle 
OP. 


A LGEBRAICALLY. By Theorem 
19.9 — — where d is the Coſine of 


F4 
VP, or if A and v be put for the tight and ver, Sine 
of an Arch, which is double to that which is the 
Sine of, B and v the right and ver. Sine of an Arch 
oy is double to that which x is the Sine of, then 
ABA 


5 * 


the Cotangent of the Angle on 


* By letting 2 a Rn 


Becauſe the two given Angles O and P have a 
like Affection, a Perpendicular (V) let fall from 
Y upon OP, will (by Princ. 18.) fall within the 
Triangle: now in the Triangle OV, right-angled 


at F, are known OY and Angle O; wherefore by 


Theorem 1 a 
As Radius 10. 
To the Coſine of the poet 


YO = 52: : oof. + 9.78634 
So is the Tangent of * Fore a 060836 , 


= 492 : : of 


| Bs the Cotangent 'of Ang. OVF 


a. ttt th 


— — 


dee Fig. p. 131. 


: tools 


JO O0 


to 
tu 
A 
AC 


1371 


| Azain, „ Thang 


8 the DEE i 1 IF 97659147 


— 


Sum 1 101 : 06 3 op required. 
In dis Caſe it r ; dun be known from the 


Similarity or 2 N the two given Angles 
O and P e Perpendicular YF, falls 
within or "dg the the Pe 1 i alls che Affection 


of Ang. OF will be known, as being acute when 
OV and Ang. O have the ſame, and obtuſe when they 
have a different Affection; but the Affection of 
Ang. F cannot be aniverſally known, which 
Defe& will ſometimes cauſe this Caſe to be ambi- 
guous; when it does, and when not, my be known' 
by theſe Rules: 

1. When the given Angles are of the ſame Kind 1 
to the acute Value of Ang. VV, and alſo to its ob- 
ruſe one, add the Angle OF; if each of theſd 
Sums be leſs than two ky ht Angles, then either the, 
acute Value of Ang. V, or its obtuſe one added 
to Ang. OVF, 4 a Value of Aug. OP; which 
therefore is then ambiguous : But when only one © 
theſe Sumy is leſs than a Semicircle, . che achte Va? 
lue of A P, added to Ang. OV, gives 
the only alu of Ang. 0%; ; which then is" not 


ambiguous, . 
T 4. When 
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2. When the given Angles are of different Spe- 
cies; when the obtuſe Value of Ang. FYP is leſs 
than the Ang. OF, the Ang. OVP may be had by 
ſubſtracting either Value of Ang. V from Ang. 
OYF, and is then ambiguous : But when the ob- 
tuſe Value of Ang. N is not leſs than Ang. OVF, 
the acute Value of Ang. VV, taken from Ang. 


OVF, gives the ſingle Value of Ang. OVP; which 


therefore in ſuch Circumſtances is not ambiguous, 
CASE XI, 


Given the three Sides OV = 71 : 500, OP— 
119*: 54' and P= 58* 12' of a Spherical 
Triangle VOP 3 to find an Angle OP. 


* 


Le EERAI- 
cAL LIV. 
Becauſe the Side 
OP is obtuſe, 
and the other two 
acute, by Theo- 
rem 8, acq + bd 


and conſequentlyO z | 
q = A , which being negative, ſhews the re- 


quired Angle to be obtuſe : Or putting v == the 
verſed Sine of the Angle OVP, X = the verſed 
Sine of the Difference of the two containing Sides 
PY and P, Y= the verſed Sine of the Side OP, 
and the verſed Sine of the Sum of O and VP; 

| V—K 
ac r by 
Theo- 


by Theorem g. av + KV, and v = 


tit 


8 


6 
{ 
| 
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Theorem 10. 1 v2 1 ok + XI, and by Reduc- 
V—K 


1 
— f—bd 
Logarithmic Operation of the Equation ; 


i. e. Solution by the Inverſe of Theorem 8. 


L. cs. of O ==: 50 94938513 
L. c. s. of FP =58 : j 2 97217742 
Sum 9.21 6255 
Anſ. Nat. Numb. 295 
Nat. cs. of © =119® : 547 4984877 

Nat. No. found==bd, 1 1042954 


L. „ of OV = 919 : 7 — 2 
L. s. of FP =58 : = 9 — Sum. b 6627831 


Sum 9-9071579 L of £64 9.821 3714 
2 


Remains the L. cs. of the Ang. Y==145*: 10* 9 9142136 


But the Equation q = ID 
thus; 9g = 3 wherein 5-2 ixthe Rectangle 


ac 
of the Cotangents of the Sides YO and YP, and fo 
the Operation may be reduced to a Form a ſmall 
Matter more ſimple, thus; 


L 8. of OV==71® : fo 9.9777938 L. ca. of OP 
L. 8. of P 58: * 3575380 . * 9.976545 


Sum 9. 9071579 Subt. — 579 
L. ct. of OV==71*® :50! 9.5 516097 Remains —— 
L. ct. of P58 :12 9,7924101 Anſ. * No 6173004 


— — — 


may be expreſſed 


Sum 9. 3084676 
Anſ Nat. Numb. 2934547 Add . 2034547 


Sum the N. cs. of Ang. Pa=145*: 107 $207551 


— — 


T 2 Ope- 
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Operation from the ſame Theorem, by the Natural 


Canon. 
4 a 
= 18:18 
Sum 130: 02 N. cs. 6434332 
Diff. 7326 N. es. 9718240 


Sum 1.61 50572 


GO 


Half Sum +8075 286 (per Ann of 
* — —— 790 co ac, the N 
Diff. 3285908 ec. of the Ss. 
Half Diff. 2 "myo FB Ref. of the cs. 
A 


Nat. cs. of OP 1195 54: 4984877 
Rect. of the Sines of YO and VP, add .1642954 


| Sum 6627831 which divided 
by (8075 286) the Rectangle of the Sines of VO and VP, gives 
8207549 = the Nat: Coſine of the * OV, to which an- 
ſwers 145: 10ʃ, as before. 


Logarithmic Operation by the Inverſe of Theorem g. 


Natural verſed Sine of OP = 1.4984 877 
Side O 71 500 . 
Side P 58 : 12 
Diff. 13 : 38 Nat. verſed Sine o28 1760 
XZ. — — . * — — 
| | Difference 14703117 
O Die: a L. s. 9.9777938 Logarithm . 1674094 
„ 4.4. FER 
Sum 99071 722 Subt. 99071579 


—  — 


Remains * Log. verſed Sine of Angle Q7P=Q2 © £51 
oY 14$*; 1 o/, as before. 7 515 
— ͤ — — 


Loga- 


I 1411 


Logarithmic Operation according to Theorem 21, 


OP==119 : 54 Neat. verſed Sine 14984577 
OY= 71 : 50 
7. * 480 


Diff. 13: 777 Nat. verſed Sine .0281760 
Dfference 1.4703117 1 Log. 0.1674094 
Sum 130 o Nat. verſed Sine 1 1.6432332 


Diff. 13: 38 Nat. verſed Sine . oa8 1760 
Difference 16150572 
Half Dif. £.5075286 Log. 99051579 


din gene to the Log, verſe Sine of 4 JN o. 3 


To ſolve this Caſe by letting fall a Perpendicylar. 


Call oneof the Sides comprehending the enquired 
Angle the true Baſe ; then as the Tangent of half 
the true Baſe : is to the Tangent of Half the Sum 
of the other two Sides : : ſo is the Tangent of Half 
the Difference of thoſe two Sides : to the Tangent 
of Half the alternate Baſe. 

If the true exceeds the alternate Baſe, then the 
Perpendicular falls upon the true Baſe within the 
Triangle; but if the alternate exceeds the true 
Baſe without the Triangle, upon the true Baſe 
prolonged. 

W hether the Perpendicular fall within or with- 
out the Triangle, e Sum of the true and alternate 
Semi-baſes, gives the Baſe of the greater of the two 
right-angled Triangles into which the oblique One 
is divided, and their Difference that of the leer; 
whence the required An ale may be found by one of 


the Caſes of right- angled Triangles. 
Ope- 


True Baſe YO = 71® % Side YP== 58 : 12 


Half Kr 2x8 Sum 178: 06 
Half Sum 89: 03 

C Dif. 61: 42 

— 

Half Diff. 30: 51 


3 eve Baſs == 350 0.140679 


5 he Tangent of half the Sum the Sides | 

1 899: oz / > 11. 7803592 

2 of half the Diff. of the Sides 38: 51/ 97761947 
— 


Tothe Tang. of half the Alternate Baſe” 889: 51/ 11-6966218 


True Semi-Baſe 25? : 55/ add and ſubſtract. 
Sum = Baſe OF 124 : 46 
Diff. = FT $8: 36 


In this Example the Alternate is found to ax 
the true Baſe, and conſequently Perpendicular PF 
is thereby known to f. fall without the Triangle; 
wherefore in the right-angled Triangle YPF are 
known V and VF; 3 by Theorem 3. 


inverted. 


As 


8 
As angent 38: 1% 10. 2056899 
To the Tangent of * = 325 250 — 
So is Radius 21 


To the Coſine of Ang. NP 0 91142447 


But the Agle FFP is the Supplement of — re- 
quired Angle OYP to a Semicircle, and conſe- 


uently 180* Minus 34%: 50 = 14 10 is , the 
Angle OYP, as before. 5. 


CASE XII. 


Given three Angles O. = 86:11, P = 104" 
41, and P = 80*: 12/, of a Spherical Tri- 
angle OVP, to find the Side, as OP. 

LGEBRAICALLY: By Theorem 14- 


® Gace the Angle 7 is obtuſe, 2 f 


8 Logarithmic Operation by Theorem 14. 


O=z869: Les — 
P== 80: 12 L.c.s. 82 8 N. c. s. Ang. i .2554766 


Sum 0542242 Nat. No. anſwer. + 0113298 


0-8 : 11/ L. 99990357 Diff. — 41468 
780. 12 L. . 9.9939160 Logarith, 9.3840787 
Sum 99926517 Subſtrat 9992651 
Remains the I. Cone of o becauſe 
r is leſs wh 1 the 1 Nega- + 93914270 
> $ See Fig. p. — p 


Part 


144] 
Part of this Proceſs: might have been 2 
e ae ſecond Operation Caſe 11. 


Operation according to the ſame Theorem, by the- 
Natural Canon. 


2 Ye 
. O= . 
. P= 80: 
Sum 166 : 23 | Nat. Coe 9718928 


Diff. 559 Nat. Cline, 29945522 


ly: 


« ＋— — 


Sum 5 ges ge C 


Half Sum 1 
— P79 
Difference 022659 | 


Half Diff. — Shots 


eV =104® : / Nat. Coſine —.25 34766 = | 
bete, O and P 11329. To 


Difference 22421468, which di- 
vided by an (the Rect, of the Sines of O and CNY 
_ —.2462788 = the Nat. Coſine of OP 5 15/, as 


To Hive this Caſe by 3 fall a4 — 


Take the Supplement of one of the Angles adja- - 
cent to the Side required for one, and the ather two 
Angles for the other two Sides of another Triangle: 
the Triangle thus compoſed fhall have its Angles 
equal to the Sides of that given; and having thus 
changed the Angles into Sides, che Pee Side T 
may be ſought for as an Angle oppolite to the Side 
produced from the Angle which originally Kar = 


1 (145 ] 
the enquired Side, by the Precepts and Method 
uſed 8 the laſt - * | 
Caſe. Thus tak- 
ing the Supple- + 
ment of Angle O 
(one of the An- 
gles adjacent to 
the Side OP re- 
quired ) for the g 
Side PP ; the 
Angle P for the 
Side O; and the Angle / for the Side Op; in the 
Triangle Op are known all the Sides, to ind the 
Angle OVP, equal to the required Side OP in the 
original Triangle: Wherefore making OY the true 


Daly oo rr mr mod 


1 


As the Tang. of half the true Baſe 40: 06 C. Ar. o 6 
Is to the Tang. of half the Sum of the Sides = 04 

99215 Þ 10 7881847 
So is the Tang. of half their Diff. 5: 0 8 9782483 


To the Tangent of half the * =2 9.8410806 


True half Baſe ==40 : 06 


Sam == YF==7, ny 


Diff. = FO = 5 241 


- Again, by Theorem 3. inverted, 


As the Tangent of YP=93s : 49 11.175794 
To the Tangent of YF=74,: 51“ 10. 3674201 
So is the Radius 10. 


* — 5 of the Angle . 9.39162 47 


** — — 


So the required Side PO i is 104 71 Ss, as found 


Some 


Some PROBLEMs in 8 P H E RICS. 


enen 
Propoſed by Mr. BuL MAN of Deptford, 


In a certain Place in North Latitude, the Sun 
was obſerved to riſe exattly at 58 Minutes af 
ter 3 0 Clock, and at 6 his Altitude was taken, 
(the ſame Morning) and found to be 15*: 20, 
his Declination being North. Requir'd the La- 
titude of the Place where, and the Day of the 
Year when theſe Obſervations were made? 


7 


Ex the Circle HEZPhn repreſent the Me- 
ridian of the Place of Obſervation, 


SOLUTION. 


Hd 


Hb the 
Horizon 


_ 


[19] 
Horizon, Zu the Prime Vertical, EE the Equa- 
tor, Pp the Axis of the World, and dd the Paral- 
lel of the Sun's Declination on the Day of Obſer- 
vation; then will 6 be its Place at 6 O'Clock and 
R at Riſing : Put L= the Sine and /= the Coſine 
of the required Latitude; as alſo D = the Sine and 
d = the Cofine of the unknown Declination of the 
Sun; then Iſt, in the Rectangular Spherical Tri- 
angle CRY, by Trig. Theorem 2 inverted, as 


T the Tangent of the Angle RC Q = the Comp. 


of the Lat.) : is to 2 (Cube Tangent of R the 
the Sun's Declination) : : ſo is 1 (= Rad.) : to 
77 =the Sine of C2 the aſcenſional Diff. (which 


is given = 6 Hours — 3 Hours — 58 Minutes — 
2 Hours: 2 = 30%: 30, whoſe Sine call m.) Ergo 


7 Again, adh, In the Spherical Tri- 


angle CoA, Right Angled at A, by Trig. Theorem 
1. as 1 ( Rad.): to D ( = the Sine of C6 = the 
Declination of the Sun) : : ſo is L ( = the Sine of 
the Angle 6CA = the Lat. of the Place): to LD 
the Sine of 64 = the Altitude of the Sun at Six; 
but this Altitude was given 15: 200, the Sine of 
which call ; then will LD be = ſubſtitute 


9 for LD in the Equation =m, and we have 


2 n; hence 42. wherefore & is the Rec- 


tangle of the Sines, and chat of the Coſines of 


the Sun's Declination and the Place's Latitude; con- 
ſequently, ſince both theſe Arches are known to be 
U3 Acute 


1 
acute, by Theorem 2 and 4. p. 3. 2 Lil be 


equal to the Coſine of the Sum, and > + equal 


to the Cofine of the Difference of the Sun's Decli- 
nation and Place's Latitude. Whence this univer- 
ſal Rule for al! Oicſtions of this Nature. 
Divide the Sine of the Sun's Altitude at fix, by 
the Sine of his Aſcenſional Difference; to this 
Quotient add the Sine of the Altitude at Six; alſo 


take the Difference between this Quotient and the 


Sine of the Sun's Altitude at Six; the Difference 
is the Coſine of the Sum, and the Sum the Coſine 
of the Difference of the Place's Latitude, and Sun's 
Declination. } | 

Find in the Tables the Arches anſwering to theſe 
two Coſines, halt the Sum of the anſwering Arches 
is the Latitude of the Place, and half their Diffe- 
rence the D-clination of the Sun. 

Hence this Obſervation was made in Latitude 
North 56: 41/: „/, and at a Time when the Sun 
had 18: 260: 51” of North Declination, that is 
on May 2. 

SCHOLIUM. 


Since above DL is found equal Q, and 22 — ; 


the Queſtion is reduced to this Problem, purely 
Geometrical, viz, Given the Rectangle of the Sines 
of two Arches, as alſo the Rectangle of their Tan- 
gents, to find the Arches themlſe]ves ; wherefore 
the above Rule, by changing every where the 
Words Size of the Sun's Altitude at Six into Rectan— 
gle of the Hines, and Sine of his Aſcenſional Difference 
into Rectangle of the Tangents, becomes a Theorem 
for finding thoſe Arches, as well as the Latitude 
and Declination required in this Queſtion. By a 
different Proceſs the following Rule is gain*d, viz. 

| As 


| [ 149 } 

As the Sine of the Sun's Aſcenſional Difference 
is to the Sine of his Altitude at Six, : : ſo is Radius 
: to a fourth Number, which being taken from the 
coverſed Sine of the Sun's Altitude at Six, leaves 
the verſed Sine of the Difference between. the Sun's 
Declination and Place's Latitude, and being ad- 
ded to twice the Sine of the Sun's Altitude at Six, 
gives the verſed Sine of the Sum of the Latitude 
and Declination of the Sun. 


N. B. When the greater Arch found by either of 
theſe Rules exceeds (23: 29/) the Obliquity of the 
Ecliptic, it always repreſents the Place's Latitude, as 
the leſſer Arch does the Declination of the Sun ; ſo 
that then the _—_— can admit of butone Anſwer ; 
but within the Fropics, i. e. when the greater Arch 
found by this Rule is leſs than 23: 29, the greater 
or leſſer Arch either may repreſent the Latitude or 
the Sun's Declination ; ſo Queſtions of this 
kind will, in that Caſe, admit of two Anſwers, 


PRO ZB. 


1 


— 


— — — 
—_— % i. Aa —{. —_ —_ % 


FRO BD FE 


In a certain Northern Latitude, on board a 
Ship at Sea, the Sun's Altitude when due 
Weſt was obſerved to be 29f 3al, and after- 
wards, the ſame Day at Six o'Clock, his Alti- 
tude was found to be 180: 49' ; required the 
Latitude of 
nation of the Sun when theſe Obſervations 
were made? 

SOLUTION. 


N the Figure belonging to the laſt Problem, let 


I repreſent the Place of the Sun when due Weſt, 
and 6, as there, the Place thereof at Six o'Clock ; 
alſo put þ = the Nat. Sine of the given Alt. of 
the Sun at Six = 18* : 4g/; d = the Nat. Sine of 
his Alt, when due Weil = 29: 32/, and x = the 
Nat. Sine of his unknown Declination; then (1ſt) 
in the Spherical Triangle CM, right-angled at 
M, by Trig. Theorem 1. inverted, as d (=the Sine 
of the Hypothenuſe WC — the Altitude of the 
Sun when due Weſt) : is to 1 (= Rad.) :: ſo is x 
(= the Sine of YM = the Sun's Declination) : to 


„ the Sine of the Angle AC the Latitude of 


the Place. Again, (2dly) in the Triangle C6.4, 
right-angled at A, as x ( — the Sine of C6 = the 
Declination of the Sun): is to 1 (= Rad.) :: fo 
is (S the Sine of 6 A, the Sun's Alt. at Six): to 
2 


(de Sin of the Angle 6C4, the Latitude of 


Xx 


the Place); Ergo - = - and xx db, which mul- 
tiply*d 


the Place where, and Declina- 


[ 151 ] = 
tiply'd by 2, gives 2xx=24þ; but ar is known by 
a common Theorem, tobe equal to the verſed Sine 
of twice the Arch whoſe Sine is x, and by Rule iſt 
and 2d p. 79, is equal to the Difference or 
Sum, according as the Sum of the two Arches is 
acute or obtuſe, of the Coſines of the Sum and Dif- 
ference of the two given Altitudes; whence we 
have gain'd for ſolving all Queſtions of this Sort, 
this univerſal Theorem, 

Take the Sum and Difference of the given Alti- 
tudes of the Sun when due Weſt, and at Six o Clock, 
and alſo their natural Cofines ; if the Sum be ob- 
tuſe, add together the Coſines of the Sum and Dif- 
erence, but if acute take their Difference, which 
Sum or Difference, as the Caſe requires, ſhall be 
the natural verſed Sine of an Arch double to the 
Declination of the Sun ; whence the Latitude may 
be had by a common Caſe in Spherical Trigono- 
metry, to wit, by one of the Analogies uſed in the 
Proceſs of this Solution. * 

Hence the Latitude is found 54: O0, and the 
Declination of the Sun 23“: 29“ North. 


f 

It is needleſs to inform the Reader, that this 
Theorem will ſerve equally well for finding the 
Latitude of the Place and Declination of the Sun, 
from an Obſervation of his Altitnde when due Eaſt, 
and at 6 in the Morning. 


— 
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PR OB. III. T: 
Being the Prize Queſtion in the Ladies Diary 1739. the 


| Given the Latitudes of three Places, Moſcow 
| 55* : 30ʃ, Vienna 48*: 12/, Gibraltar 3 5 C0! 
30ʃ, all lying directiy in the ſame Arch of a 
| ; great Circle; the Difference cf Longitude be- Fre 
teen Vienna (/ituate in the Middle) and 
Moſcow eaſterly, is equal to that between | a 
Vienna and Gibraltar weſterly ; it is required 4 
to find the true Bearing and Diſtance of each | © 
Place from the other, and the Difference of : 
| their Longitudes according to the Convexity of | 
| the Globe? . 95 
| 


SOLUT1ON- 8 15 


ET N repreſent the N 


North Pole, M 

Moſcow, V Vienna, and 
= G Gibraltar ; then will fre 
b the Arches NH M and - 
NG repreſent the Comple- A 


ments of the Latitudes of 
' theſe three Places reſpec- 
tively. Put a = the Sine, 
and b = the Coline of the 
Lat. (55: 300) of N=, 
coꝛo; c A the Sine and d G 
the Coſine of the Lat. ( =48® 12/) of Vienna, and 
the Sine and f = equal the Coſine of the La- 
titude of Gibraltar (= 35? 300); alſo x = the 
Sine and y = the Coſine of the Angle GN == 
Ang. YNM = the common Diff. of Long of the 
two extream Places from that in the Middle, 1 
Y 


1.153] 


by Trig. Theorem 12. = will be equal to the 


Tangent of the Angle N, and 5 that of 


the Angle MO; but theſe Angles being ſupple- 
mental to each OY a their Tangents 28 . 


1 14 6 
conſequently == — 25 "Femail e 5. 


N 
WT Ego TH» but af + be (by Theo- 


rem 1. p. 2 ual to the Sine of the Sum of the 
Arches "NM and d NG = 8, which call z, and 


25 _ Hanes rs ey of (45529) the Latitade of 


ini, which put 1; che ill X, be = = 


| 96934 the Coſine of 14*: 13:2 7 = the Angle 
NV b GNV = the Difference of Longitude of 
either Moſcow or Gibralizy” from Vienna. 


Hence it may be eaſily found; that Vienna bears 
from Moſcow South 56® : 4 weſterly ; Moſcow from 
Vienna, North 44* : 300 eaſterly; Gibr liar from 
Vienna, South 44® : 5o/ weſterly ; Vienna and Mo 
cow from Gibraltar; North 35˙ 16/ a 


Vienna is diſtant from Gibraltar 160: 29/ = 1146 
Miles; Vienna from Moſcow 11*: 25, or 791 
Miles; Gibraltar from Moſcow 27: 32 = 2937 
Miles. Q. E. I. / | 


11 


— © + % * - 
- - oo „ 2 


p R O B. IV. 


Being the 2d Queſtion in the Ladies ward 1740. 


0 


Sometime in the 9570 Quarter } in 17 29, 9, in the 


Forenoon, an Obſervation bei 


the Sun, his Altitude wes found 33 41" 400, 
and Azimuth from the North LOIN: ot52"; 
and ſome time after, on the ſanie le his 
Altitude was found 48 460: 534," and Azi- 


muth 134%: 


tituge 


of the Place of... 


39': 50%. From whenee the La- 
Objervation, Montb, 


Day, and Hours of Obſervations may be found, 


and ate here riguir d; with a general 1 


orem 'm for all Wweftions of this Nature. 


K. 
Pre- 
preſent 
the North 


Pole; Z 


the Zenith 
ofthe Place 


of Obſer- 


vation ; A 
the Place 
of the Sun 
at the firſt, 
and B at 
the ſecond 


SOolLur rox. 


1 
* 0 ad : 
Pn |, ; G 
. 
— 
N \ 


A 
9 then will 25 be equal to the Com- 
pliment 


upon 


sg! 

pliment of the unknown Latitude, ZA the Com- 
pliment of the Sun's Altitude at the iſt Ohſervation · 
ZB at the ſecond; the Angle PZA the Azimuth 
of the Sun from the North at the firſt, and Ang. 
PZB at the ſecond Obſervation; and the Arches 
PA and PR the Compliments of the Sun's Declina- 
tion at the farſt and ſecond /Qbſeryatians. Put A= 
the Kine and à = the Coſine of (335: 4/: 40”) 
H = tbe Sine, and 5 « 2 4653“) 
m the Cofine of rw ) the leſſer — 
zimuth,” 2 = the C — 445555 39:56) the 
greater Azimuth; * the Sine and y the Coſine 
of the requirꝭd Latitude ; . ſince the Az imuths 
— the! 


orth ate both obtuſe, by Trig. Theorem 

is = the Caſine of PA; and H — 

bd m= the, Cofine of Pg. ; but ſince the Interval be- 
tween the two Ohſervations is but ſmal}, the Sun's 

Declination inay be taken for the ſame in both, and 

ſo PA and P eſteem'd equal ; wherefore Ax—aym 


= Hx—byx, and dividing by y, A I — am = H 


x „ 8 
5 bz, or bz— am H - 45, Wheretore 


9 
_ = the Tangent of the requir'd Latitude. 
Whence we have gained this general Theorem, 
Multiply the Coſine of the Sun's Altitude at each 
Obſervation by the Cofine of the correſponding A- 
zimuth: Divide the Difference between theſe two 
Products by the Difference of the Sines of the two 
Altitudes of the Sun; the Quotient is the Tangent 
of the Latitude of the Place of Obſervation ; which 
being known, the Sun's Declination and the Hours 
of Obſervation may be found by the common Caſes 
of Trigonometry. 
By this Theorem the Latitude required is diſco- 


vered to be 54*: 51', ,whence the Declination of 
X 2 - the 


-[136)] 
the Sun is = 20®: 24 anſwering to the 11th Day 
of May, and the Hours of Obſcreation 8 wn” 10 

O'Clock in 1 Kn 9713 41101 N 


£4 ne ekt r t 5d3 3a N (Ig 


This Problem (firſt invented and publifhed iby 


Mr. Robert. Heath) may be of Uſe to ſuch as hav- 
ing an exact Meridian Line, with an extended Ho- 
rizontali Plane to meaſure Azimuths upon, toge- 
ther with a well graduated 
tndes with, but being deſtitute of a good Chronos 
meter, and unwilling to confide in any Predeter- 
mination of the Latitude of the Place they are in, 
would obſerve the Ingreſs of the Sun into any par- 
ticular Point of the Ecliptic, or the Declination of 
any Star, Planet or Comet, which taking the Ob- 
ſervations as near as may be together, it performs 
| — * nen of as few came, cg as can be 
deſi [2 125 Dn AA Un 


Hag N 04 
. — 111% 6 


W 


— 9 * * 
£ 
* 


PROB. 


aadrant to take Alti- 


"PROB: v. 


Being Queſtion 6. in the Ladies Diary, 1 
At poſed by 'Mr. Nick. Pin, 1. 8. 


O the 20th of December, 1740. af ries 
Minutes paſt Eight at Night, IT obſerved two 
_ nated fixed Stars on the Meridian, the Diffe- 
rence of their Meridian Altitudes bei 25 
even Degrees, and at Ten 0 en ne 
. Night 1 found. their| Azimuths 3-1? 


'61* : 45 both' Weſt; and tbeir $114 _ 
Altitudes 4.2%; Quere rde Latitude of the 
Place of Obſervation? 10 9205 os (I 993 10 
Sd AE 1 51 n en: 10 an 
i daie rgb Urn 1 9607 10 
INCE. — . a 4 Bw” od AT net ach 
oo : PP © ..191 .q: 4 0 . 2 ll 11311. 
both ob 
ſerved up- PZ act / 
on 8 ny OY 
ridjan at Nr DITT 
the ſame NW. Jo 
time, they 2 yoo = 
lie in the 9 911 
Fa 4 
cle of De- © 11 


clination, and 105 the ſame right Aſcenſion and 
conſequently the Difference of their Meridian 'Alti- 
tudes is equal to the Difference of their Declina- 
tions or of their polar Diſtances ; wherefore if P 


repreſent the ur Pole; Z the Zenith; A the 


Place of one Star, and B that of the other at the 
ſecond 


[158] 
ſecond Obſervation 3 3 BA will be equal to (37%: 00 
the Pffference of the two Stars potar Diſtances 
the Difference of their Meridian Altitudes; the 
Angle AZ C the Azimuth of one Star, and Angle 
BC that of the other at the ſecond Obſervation, 
and Angle BZ ( zo: their Difference; 
=_ fince the Difference between any two Altitudes 
to that between their correſpo 10 ith, 

Di ces, the Difference 4 242 ZA and ZB wi 
(= 2* : oof) equal to the Difference of Altitudes 

e ſecond Ofervarion: ; wherefore i EY the TYitn- 
ge ABZ are known BA — 37: O0, the Angle 
AZB=30* : 5, and the Difference * the 8 
A and BZ = 3, to find A or R ſepatately, 
which will tbe done by firſt finding their Jum, 
in order to which put d ta repreſent the verſed Sine 
of the Difference of AZ and BZ, for the verſed 


Sine of theirSum : Alſo let v repreſent the verſedSine | 


of the Angle AZ B, and 2 the verſed "_ of AB; 
then per Theorem 10, P- 101. d += le by 


5 = — — 2d But 26 _the verſed an 


* CO 1500 


of the Supplement of the Angle -AZB, which call: 
v. then will 7 icke verſed sine of the n 


Henk the Sum n of AZ and BZ is = 8 3e: 2 wo 2 
the Half of which, viz. 41“: 42' : 56" a 4 t 
Half their Difference = 16%, gives 57: We] 
A the greater Side, and the Difference been 
the ſaid haf Sum and half Difference, gives 25 
42/:56“%0 A the leſſer. Side; .whence the Lati-, 
| * ed found = 3655 47. Q. „ 


Solution 


1 

Solution 10 ihe 1 — 2 ——— A 
Vol. V. p. 2g.” — 

(Ic Fd 


IFs anlf7; 4 abt A 14 expres he Sine 
and Coſines of the Sides ZP and SP, 
ſpectively, and e and hs g and 5, that of of ol 
gle ZPS and inp hr" + by Threm 232 of ou 


Spherics, we have? — or putting 7 
* 
for the Sine of the Angle Ps, t the Cotangent of 


P, and v that of P, we get e 
. — | 


Solution to the Third Problem. 


If the Letters be put to repreſent as 18 the laſt, 
then by Thorem 8. by —auf== dy — cby ;, therefore 


2 ”, the Cotangent of the Side 2 P. Q. E. I. 


| ' $ - "2 


I TITEL 


bd? 


allen 10 4 Problem in the Gentlemants Magazine of 
' Ofober 1737. p. 615. 


| Put f for the Cotangent of the Sun's Declination, 
£= the 'verſed Sine of the Arc of 10 Hours, 42 

in. = 160 300, and a = the right, Sine, then 
by Calculation we have Tang =the yerſed Sine 
of 141®:154/, one fourth of which is 35* :28/;; 30, 
the Latirde of the Place next the Equator. 


Here the Reader ma y obſerve there is little 
Trouble (by the Hel A. the foregoing Theorems) 
in ſolving the moſt difficult Problems that are ge- 
tierally propoſed, a Variety of which may be ſeen 
in the Third Volume of this Work. * 


* x. * n . 
41 9 0 1 „ 
2 1 22 


4 * 1 27 
1 1 \ 24.44 
7 k « 7, 
= P — , 4 * ot * "1 = * 


8 2 
893 4 + 


ieee 
NI — * 4· 
1 7 1 « 
(- *- 45 \ 
. f 9 — <4 
* 


£5012 24 4510%2 F ns ki 4 
Of bas 7 ht ne e 
Of UNITED QuzsrTIONs, and ſuch 
as are known by the Name of 
Diopbantinè Problem tr. 


19 { 


„ 
2 


: E have hitherto diſcourſed of Problems 
producing Equations equal in Number to 
the required Quantities, and which are, 


for that Reaſon, limited, determinate, and confin'd 


to one Anſwer, except ſo far as the Plurality of 
| Roots belonging to adfected Equations may hinder z 
and propoſe here to ſpeak a little concerning ſuch as 
producing Equations inferior in Number to the 
ſita, and being therefore capable of innumerable 
Anſwers, are called Unlimited Queſtions ; tho' theſe 
Kind of Queſtions are, from the Nature of the E- 
quations they produce, ſo eaſy to have all their Con- 
ditions ſatisfy d, that they admit infinite Variety of 
Values of the requir'd Quantities; yet when the 
Solutions are requir'd in whole Numbers alone, and 


mix'd and broken Numbers not allow d as perti- 


nent Anſwers (as is commonly the Caſe) then there 
is ſomething of Nicety in the Inveſtigation of al- 
lowable Numbers. Our Method of binding down 
this undeterminate Species of Problems to only their 
integral Solutions, we ſhall here illuſtrate, rather 
by ſolving Problems taken from Diopbantus, 
and others, than by formal Precepts. 


\ 111 4 
LASL PRO. 
R o 1 i * PS. 
4+ % % dd 3 as * J 


To 


E 
Cc 
of 
＋ 


x61] 


. 8 8 


NOA I 


To find three Numbers whoſe Sum is 100 ; ſuch 
that if the Firſt be multiplied by Unity, the 
Second by 3, and the Third by 2, the Sum of 
the Three Produtts may make 138? 


SOLUTION. 


UT x, y and z, for the three required Num- 
er Nr T on 
Then Firſt, x +y+2 = 100 
And Secondly, x + 3y +2z= 138 oy the Data. 
There being three unknown Quantities, and only 
two Equations reſulting from the Relations men- 
tioned in the Queſtion, ſhews the Problem to be 
capable of innumerable Solutions ; but to diſcover 
the Values of the unknown Quantities in Integers 
alone, we proceed thus: y 
From tranſpoſing y and 2 in the firſt ion, 
x is 100-5 — 2, and therefore by ſubſtituting 
its Equal inſtead of x in the ſecond Equation, we 
have 100—y—2 + 3y ＋ 22 = 138; that is, when 
contracted 2y +2Z=38 3 % = Eb = 19 _ 


Hence that y may be an Integer = , or rather - 
muſt be ſome whole Number; let it be , then 
will - _ u, and 2 = 2n, which put for 2 in the 
Equaion j= "5, gives = gie 
confequently by adding x and the Values of y and 
z together, we have from the 1ſt Step, # +19—n 


-+ 21= loo, whence # is = 8I—#, * | 
, Y W hence 


[ 162 6 
C= 81— Dare ſuch Values of ar yand 


Whence 4) = 19— 1 2, as will anſwer the Con- 
1 2 2 2 ditions of the Queſtion, 


It may be obſerved from the Value of y, that # 


the aſſumed whole Number, muſt be tefs than 19, 
in order tg make 19—n=y poſfible; and therefore 
1 being admitted for Ghe Value of ; 2 for ano- 
ther, Sc. its Value can be varied but 18 Times; 
and conſequently that this Queſtion can admit of 
only 18 Anſwers in affirmative whole Numbers. 


PROB. . 


To divide: 96 into three whole Numbers, fuch 
thut j A the Fir, together with 4 of the Se- 
cond, and; of the Third, may make 122 
enn o SOLUTION. 

UT. x, y and z for the three whole Numbers 

fought, then will _ £5.48 
And yy 2 FPby the Queſtion: 

- 6 dil e * 


By bringing the ſecond. Equation out of Frac- 
tions, we have 72x + 63y + 562 = 6048, But 
from the 1ſt Equation x = 96—y—z, whence 72# 
—0912—72y3—72z, which put for 72x in the 3d 


uation, 'giyes 6912 — 729y—722 + 03y +'$62= * 


6048, which becomes, after Contraction, 864—9y 


== .. ew 


—I6z=0; whence 
quivalent 96— 2— - m_ hence that y may be an 


mteger ==, or rather 7. muſt be ſome whole 
7 Number 


28 I=x 


131 
Number; foppofe it t, then will 7 = 1, 72 = 
gk, and 2=E z whence that z may be a whole 

Number, it is farther requiſite that & be ſome Mul- 


ple of 7, er wich i the fume, hat h be forn 


integral Number 4 let it be , then will 2= 7 be 


= 9; wherefore by ſubſlituting gn for z in 
6415 76. 

—— , el — = 9 —616n = 

y; hence writing inſtead of y and æ, their Equals, 

g96—16, and gn; #+3,+2 = 96 will become 
x + 96-161 + 956, which reduced gives x = 

7u. | ; 


- db 2d are ſuch Values of x, y 
Hens = 5 and , as will anſwer the 


I == 96-16 * f 
2 95 (Conditions of the Pro- 


blem. 


It is obvious, that to make y poſſible, 16» muſt 
be leſs than 96, and than 63 and conſequently, 
that this Problem can only be anſwered by 5 Sets 


of integral poſitive Numbers, viz. ; 


1 being ſuppoſed 1]* = 7|y = 80|z = 2 
2 - = - = [x 145 = 642 =1 
x = 217 = 456 Z = 27 
2 <- - +» = 4Ajx= 2665 = 32 Z = 


nh - 2 232 * l = 3505 = 16 z = 45 


re- 

= 
8 
' 
' 
1 
| 

VU 


10 
/ 
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P R O B. III. 


A owes to Ba certain given Sum of Money, and 
has, when be comes to diſcharge the Debt, no 
other Pieces about bim but Louis d'Ors (Value 
17 f. each); alſo B is deſtitute of any other 
Coin than Guineas : What Number of Louis 
d'Ors muſt A give to B, and bow many Gui- 
neas muſt B return to A, ſo as, upon the Ba- 
lance, to keep in bis Hands the exact Sum due 

to him from A? 


— 


Tr the required Number of Guizees, y 

that of Louis d'Ors,. and for the Number of 
Shillings contained in the given Debt put &. 

Then by the Conditions of the Queſtion, we 


21x ＋& 
= X + 


SOLUTION. 


have al Ba S, whence y «= 


ED = by the Nature of the Thing to ſome in 


— is alſo ſome In- 


tegral Number; wherefore 5 


teger ; ier it be . then wil == be- u 4x 46 


| 1 "a 
= I7 " and x = r ; conſequent 
ly — or = muſt be ſome whole Nembet ; 


call it &; then will — E, and u n— SS gt, or 


S—n=4k; whence n=4k +8, or S—4k: Ergo 


We 


L 165 ] 
48k Xx 


2 is = 16k+ 48 + W IT: 17k + 


45, or 45—17k = x3 now by ſubſtituting this 


Value of x in the above Equation WE I» 


E + $58 
have 42 

| FN 

Whence 21 +59, or 388-21 the No. of Louiad' Om, 
n 25. or Aye the No. of Guineas, 


+ being any whole Affirmative or Negative Number aſſumed 
at Pleaſure, that is not inconfiſtent with the Expreſſions. 


Example, Suppoſe the Sum wherein A is indebt- 
ed to B were 5 J. or 100 8. then will & = 100, and 
taking k any Number, ſuppoſe 23, (which is the 
greateſt Number that it can be in 4S$—17k, or 
400—17k =x for 17 times 24 would be 408, which 
is greater than 400, &c.) 5S—21k will be 500 
483=>17=y, and 4S—17k=400—3g1 =9=x 3 
whence it appears that A may pay B 100 Shillings, 
or 5 |. by giving him 17 Louis d' Ors, B return- 
ing him back again 9 Guineas. 

If k be taken equal any other Number leſs than 
23, We ſhall have other Anſwers to the Problem, 
viz, the Expreſſions y 5S—21k and x= 4S—17k, 
will exhibit 23 Anſwers to the Queſtion, by taking 
k = 23, 22, 2x, &c. to 1. But the Expreſſions 
5$+ 21k =y, or 48 17k=x will afford us an in- 
finite Number of Anſwers, by taking k=0, 1, 2, 
3, &c. ad infinitum. 
From the Expreſſions for æ and y, above diſco- 
ver'd, it may be obſerv'd that the Difference of 
theſe two Quantities is 4& +8, or S—4t, whence 
ſome Compendium may be found, where large 
Numbers are concerned, for deducing one Num- 
ber from an aſſigned Value of the other, 2 


— 


= 21k + 58 =y, Or 5S—21kt=y, 


P R O. B. 


4 


— [ 266] 
— 1 7 — Kd 


A owes to B à certain Sum of Money, and has no 
otber Coin to diſcharge the Debt with than 
Louis d Or, (Value 17 l. each) and Guineas ; 
the Queſtion is tv reil bot A muſt pay the Debt? 


SOLUTION, 


E T there be aſſumed the ſame as in the fore- 
going; then will 7) 2 =, and by 4 
like Proceſs we get x = 17-4, and y= 5S—21k; 
Example 1. Suppoſe the Debt 51. or ꝛc0 Sbii- 
lings, as before, then will # = 1yh—400, and y= 


500—21t , by 17 .- 4c it appears that t muſt 


be equal 24, in order that & may be Affirmative 3 
and by 300— 21 =, it appears that cannot be 
greater than 23, if y be Affirmative: Hence it is 
evident, that it is impoſſible to pay 541. in Guineas 
and Louis d'Ors. 4 * 

Ewample 2. Suppoſe the Debt 1001] or 2000 8. 
then will += 17k—8000, and y= 10000—21t 3 
by 17k—$000=x, it is evident that ł muſt be 471, 
in order that x may be an Affirmative, and by 
Io O- a1, it appears that x may be any 
Number leſs than 477; hence k may be 471, 472, 
473, 474, 475, or 476, which ſhews there may 
be ſix Anſwers to this Problem, and no more, i. e. 


'477—471=6. 


Note, This laſt Ewample is the ſame with Caſe 3. 
of the Solution to a Problem in Dr. Saunderſon's Al- 
gebra, Val. I. p. 313. *. | 


PROB. 


= 4 
”" 4 = C3 4: } 


= 
— — — — —  ——— — 
— — 
l W TT 7 , F< 
n * . 


| ; P RO B. V. N 41 | | 
By Mr. Rongxr FzArNSITDE in LadieiDiary 13. 


A Lady of Wit, Youth and Beauty beſide, 
Remote from all Cares, but of being @ Bride 
Surpriz'd ber fond Lover one Morning in May, 
And diſpatch d bim for Parſon and Licence away. 
But how great her Confuſion, when Strephon broughs 

News 2 1 
That the Parſon a Licence to grant did refuſe ! 

Her Age, which the Lover nor Lady could tell, 
Was the Cauſe that this fatal * befel. 
Therefore, Ladies, their bumble Requeſt is, you'll 


ſhow 
The Way bow to dot by the & Data below : 
And this by a general Method explain, 
So that Lovers may never be nan. plus d again. 


[167] 


Sorur ron. He's 
Dur, for the Year of Chriſt when the Lady 
was born, and S=18, m=8, r=10; then 
per the Nature of the Queſtion, ——— = a, 
x +1—n 


=b and will be whole Num- 
bers, and by Reduction we get x= 484 5S= 3780m 
=10647—4713—7g80k. 

Whence this Canon or Rule, 


Multiply the Golden Number by 3789, the 
Roman. Indiftion by 1064, and the Sum of the 


; ®* Cycle of the Sun 18. Golden Number 8. Roman Indic- 
tion 10, that Year the Lady was born, | 


two 


{ 
4 
Ll 


[ 168 ] 
two Products, yy 4713; taken from 4845 Times 


the Cycle of the Sun, will leave a Remainder, which 


divided by 7980, the Quotient will be the Value 
of k, and the Remainder, the Year of Chriſt when 
the Lady was born. Q. E. I. 

* +9—18 


If any Perſon pleaſe to reduce - = 4, 


2 55 and = c, they will find 


19 
the Value of x= 1717 + 7980ok; therefore if k=0 
1181717 as above. 


Alſo it may be further obſerved, that the Re: 
duction of ——.— a, and i” = þ will give 
the following 3 Rule for finding the Dionyſian 


Period, when we have the Cycle of the Gu ea 


Moon given. 
The RuL x. 


Multiply the Cycle of the Sun by 57, and the 
Cycle of the Moon by 56 ; divide the Difference 


of their Products by Tha, the Remainder, after the 


Quotient, will give the Year of the Diony/# ian 
Period. 


Note, The Solution of this Problem, and others of 


a like Nature, ſhall be fully explain'd in * ibire. 
Volume. 


PROB, 


the 


14] 


PROB. vi. 


Suppoſe a Yintrer would make a ; Mixture confifi- 
ing of 40 Gallons, wiz. of Canary at 7 5. 
Sherry at 5 5. and White Port at 4 5. a Gal- 
hon; bow many Gallons of each Sort muſt be 
put together, het be may ſell the Mixture at 


Sel Gallon without Gain or gl firs 
aq 


SoLVT 10 M. 


H E Vintner by the Rule of Alligation, 44d 

the Help of the Rule of Proportion, finds he 
muſt put together 24 Gallons of Canary, 8 Gal- 
lons of Sherry, and 8 Gallons of White Port. 
But now, if this Solution does not anſwer the Vint- 
ner's Intent ; that is, ſuppoſe he would have hisMix- 
ture otherwiſe proportion'd, I then ſay he muſt have 
Recourſe to Algebra for A ſſiſtance: For *tis by an al- 
gebraic Proceſs only, that all the Solutions poſſible 
can be diſcover'd ; which wonderful Advantage I 


Oe hy eee Soha ee 


* -Canary, 
Let y >be = the Gallons of Sherry, 
SZ White Port. 


Then x+ y+2 = 40 
. Foy the Hypotheſis 


Thence 22 40— K* —y, and Z= - 249 . —. 


an 160 — 44 — 24-97 y and 34 | 
1 511 22 hence = — 


mult be ſome whole Number. which call a, then will 
2 | y—3 


[172] 


== and *, *y= 3 4 2, which put for 5 a- 
bove makes X = — = = 26 — 7, and by 


writing the Values of y and x in the Equation # + 
4 +2=40 makes 26 — 1, + 3u T 2, +2 40, 
that is, 28 + 21 + 2 40 g= 2-27. 
Canary = 26— 
Henee the Gallons of {Sherry = 33 4 2 
White Port = 12—=21 


# being any affirmative whole Number that is = 


inconſiſtent with the Expreſſions above; i. e. 
may be 1, 3, 3, 4 or 5 (but not 6, for if * 
then 12— 2 would be 12—12 = 0) whence the 
Number of Gallons of | 


Canary Sherry | White Port 
25 5 | 10 | 
24 - 8 8 
1 11 6 
22 14 4 
21 | 17 2 
20 | © 
Thus we have obtain'd a perfect Solution of this 
Propoſition, having determin'd all the _—_ 
Means of I the Mixture, 
PROB. 


[177] 


_— 3 


P.R.O 8... VIE - 


Bring the 8th of the ſecond Book of Diophantus's 
Arichmetick. | | 


It is required to divide a given Square Number 
into two ſuch Parts, that each may be a Square 
Number. 


N. B. By Numbers in a ſimple Senſe, are meant 
by Diophantus all rational Numbers, whether ! 
be whole Numbers or Fraftions, in condradiftion to 
Surd Roots, and all ſuch other Numbers as are incom- 
menſurable to Unity, which are commonly called irra- 
tional Nambers, | 


* 


SOLUTION. 


LD. T bb be the Square Number propoſed to be 
divided, and fince the two Parts of this Num- 
ber are alſo cach to be Squares, let xx be one of 
them, and the other will be bb—xx, which, as well 
as the former, is to be a Square; Now as the 
Problem ſuppoſes no Relation betwixt the Sides of 
theſe two Squares, we are left at Liberty to feign 
what Relation we pleaſe betwixt them, provided 
that will but furniſh us with proper Equation for 
determining the Sides of the required Squares: Let 
us then ſuppoſe the Side of the ſecond Squate to be 
Hax, then muſt the Square of Hd be equal to 
the ſecond Square, that is, to - xx; but the 
Square of b—dx is Þ—2bdx + dx, therefore . 
2bdx + dx = bb — xx; reſolve this Equation by 
ſtriking off Þ from both Sides, and expunging the 


common x, and you will have x = — the Root 


Z 2 | of 


172 
of the firſt un. and h dx = m_—— = 


rw 5 bx = = the Side of the other Square, 


Hence if the arbitrary Quantity d be equal I, 
then will þ and o be the Sides of the two Squares, 


and bb and o the required —_ Numbers them- 
ſelves. 


If d be aſſumed = 2, then will 19. 11 be 
16hþ 555 


the Sides of the two Squares, and a2 and 27 the 
Numbers ſought. 
85 


If d = 3, ten e and — 75 are the Sides of the 


two Squares, and the Numbers required L. 


64bb 
d 100" 


Bos 4; then and — 2 are the Sides of the 


"64 bb 


28 9 Ad) the Numbers 


two Squares, and - 
themſelves. 


Whence if the Square Number given to be & 
. vided were 100, the two Square Numbers re- 
quired would be found 64 and 36, when d is «Jurn- 


6400 22 500 
ed either 2 or 3.280 and 


259 209 
ken = 4, Se. by taking different Values of d, we 
get as many Anfwers as we peale, 


when d is ta- 


Sc Ho- 


2 Q@ 


＋ 8 


42255888 


ey 
| 


(1-173 ] 


$diorIuM. 4 | — 
ieee bib 
Since — and =D are diſcovered | [Elo] 
Sides of the required Squares ; that is, lack 
222 * | 
Sum of the Squares of P and >; is 


to be = bb; and ſince (from Euclid x. 47.) 
the Sum of the Squares of any two Num 
| to the Square of ſome other Number; 
The Numbers from a Right-angled Triangle; i 
follows that if we make as many Right · angled 
Triangles as we the | 
pothenuſe b, the Legs ot any one of theſe Triangles 
will be the Roots of the Squares we deſire, and 
their Squares the required Squares themſelves. © * 


Alſo, To find as many Right-angled T langle as 
we pleaſe, having all of them one given N ; 
which is commonly made a diſſinct Problem, has 
its Solution involved in this Reaſoning, wiz. 


Let the given common Hypothenuſe be repre- 
ſented: by b, and 1 the Value of d be aſſumed at 


4 
Pleaſure ; then Lg is one, and =, the other 


Leg of a Right-ang/ed Triangle — chat 8 
Pothenuſe. As in . Table. 


V4lue 


— 
* 


It is evident, from obſerving the Values of the 


Sides of the Triangle, that when b is ſuch a Num- 


ber as can be divided by the Denominators, the 
Legs will be integral; whence ſeveral Triangles 


may be found in whole Numbers having a com- 


mon Hypothenuſe; as if the Hypothenuſe were 
65, then 52 and, 39, 25 and 60, 16 and 63, 33 
and 56, would be the Legs of four Triangles hav- 
ing that Hypothenuſe common. 
One Thing farther, may be worth obſerving in 
this Scbolium, viz. that ſi 14 d ir 

l UM, Viz, ac 000 To an 1 
ſent the Legs of that rectangular Triangle whoſe 
Hated ©" 56 2db bb 

ypotnenule is 5, i. e. fince , q an b are 
the three Sides of a Right-angled Triangle ; and 
fince the Sides of any Triangle being all augment- 
ed or diminiſhed in one and the ſame Proportion 
give the Sides of another Triangle ſimilar to the 
tirſt ; if we ſay, asþ:to1 +4: : ſo is each Side 
o tie general rectangular Triangle juſt mentioned 
to fourth; we ſhall have ſecond, id and 1 + . 


for 


| ,egs of the J Hypo- Val TY +4 
Ne rf angle. | thenaſe,” —.— 2 — chenuſe. 
= 
| - MEET 
ei; | 2 a2; 
* | n | 5 — by | 
126 350 1 
7 — 37 7 3 73 
165 6ꝛ61 3 3 a2 44> b 
5 * 555 i Wn 65 
Ec. &c. and &c 


| C275 ] 15 

for the three Sides of another Right - angled Tri- 
angle, ſimilar to the former. But becauſe to make 
1d, one of the Legs, poſſible, it is requiſite that 
4 ſhould be ſome fractional Number, let it be = 


. 2 ö 
= then will the three Sides be 1 + ,n 1— 


z which being reduced to a common Denomi- 


ph 4mm mb _ pp—mm . 
vin 27 Ive! ame 

tiplying each of t pp (w ing common 
will not prejudice the Simularity) we have pp 4mm 
amp and pp—mm, for the three Sides of the Tri- 
angle in whole Numbers. Hence we draw this 


mm 
PP ; 
nator become 


THEOREM. 


Take any two Numbers at Pleaſure, their double 
Rectangle ſhall be one Leg, the Difference of their 
uares the other, and the Sum of their Squares the 


ypothenuſe of a Right-angled plain Triangle. 


This Theorem may eaſily be demonſtrated in the 
ſynthetical Manner, by adding together the Squares 
of pp—mm and amp, and comparing their Sum with 
the Square of pp + mm. 


PROBE: 


[ 
| 


= 
— 10176 
b * 
* 
» 
. * * 
g 1 5 * * 
— * — 1 4 . 1 * 8 — 
reer ER OI * * 
* 


pP R 0 B. vIII. ork 
n of the ſecond Boot of Diophantus. 


0 


70 divide the Sum, of eme Squares (as aa + bb} 


into to other $ quares. 


* * » 2 
— — — —_— | F 


Seven, 


117 


ET * 4 the Side of one of the Sud 

fought, and hir, that of the other 5 then 
will ax r +44 be one of the required Squares, 
and bb — 2bdx + ddxx, the other; wherefore xx + 
2xa + aa +bb — 2bax + ddr is = aa + bþ = the 
Sum of the two given Squares; whence, by ex- 
pungiag Quantities common' to both Sides of the 


_ Equation, we have xx + 2*2—2b/s + ddxy = 0, and 


and xx + 2xa + dd = 2bdv ; and d dividing by 15 


e 
24 2 264 ; wherefore — 
* + Nau. D 
2 74 204 — 24 L . ad 
＋ 4 enn ern L 
YO PRE e 1 T 


abd—a + ad? 


wr” e = the Side of one of the 80 l 


1 = bn — þ +bdd—2bdJ +2ds 
Sat DTD I ad 


,  b—bdd da-“ = the Side of dcr 


1+ ad 


From theſe two Equations, the Values of @ and 
being given, as many different Anſwers to this 
Problem may be obtain'd as we pleaſe to aſſume 
at Values of the orbitrary Quantity 4. 


Ag 


int 


of 


[7] | 
As if d be aſſumed equal * then band a, the Sites 


of the given Squares, Din a be che Sides of thole - 
required: Il a be = 2, then Ei, and EL 


will be the Sides of the 8 Square, 1s ver 7 

8a LEE 6b 6— 130 + 85 
then * ; if 24. * 55 

Bay 1 OY 300 I04- 244 

and T7 3 If = 5 this and 2 its 

are the Sides of the deſired — * for other 

Values of d. — a1 
ExAMpLE: — ee 


- 


1 Na ol be given — 13, or as = 9, and 55 
43 1. e. 4 3 and b 4; to divide his Surh 
Ines tr 6 poi Squares. 


Tben if abe taken = 2, 2 and © are - the Sides 


85 
of the required == and = and 1 the 


Numbers ſought; which ae. = Condition 
of the Problem, for 8 2 Bis 


— 25 = 19. A- 


gain, 1 1 8 aaa 2, or — 2 


5 3115 1 


are the Sdes of the defired Squares, and 2 25045 


the required Squares l which are al 


rightly determined, for 2 DT +5 is = 27 = 1 13. 


Once more, if d be ſuppoſed = 4, then | ps and 77 | 


ure the Sides of the Squares ſought, and ET and 
A2 36 


e 
255 the Square Numbers themſelves; which are 
eee e 1 86. 
alſo truly inveſtigated, for 171 +2756 25 


| 2 
= 13. and thus we may proceed ad infini/um, by 
varying the Value of 4. by. 


* 
— 


Scuol ru x. ä 
Since we have found the Side of one of the re- 


———— + add f 
quired Squares = z and of the other, 


= < +20, if we make the Side of one of the 


given Squares (ſuppoſe 2) = 0, ſo that it may va- 
niſh, and 6 this Problem to that of 
having a ſquare Number given to be divided into 
two other Squares ; by blotting out all the Terms 
affefted with a, we have N. Iz for the Side of one 


be=bdd , + 
of the Squares, and bor that of the other; 
which are the fame Values we diſcovered in Prob. 
. Wherefore it from hence appears, that the So- 
lution of Prob. 7 might have been drawn from that 
of the preſent Problem, by Way of Corollary ; 
but only that we imagined an independant Solution 
thereto might be more agreeable to ſuch of our Rea- 
— as had not been much converſant in theſe 
tters. 


PR OB. 


8 


| „ R 0 B. 1x. 
To find fo Number. lach, that the Sou are f 


the Firſt being a to the Second, — 5 
qual to the Square of the Second when added to 
the Firft. | 


SOLUTION. 


VT. to one of the required Numbers, 
and taking n of lug at Pleaſure, let nx 
the other; then wer th have, by the Nature 

of the Problem, « + nx = nnxx + x, which divid- 
ed by the common x, 3 x + 1==1m# 1, and ſo 


— but f is found by Diviſion = 


F =» 


COR) WET one of the Numbers, and 


1 == the other ; wherefore the Sum of 


1 -+1 
* 1 I 
f Neben d — 2 — 21. 


2 1 1 rn „ *. 
Wherefore, 
F Unity be broken into any two Parts 4 Plakere, 
thoſe two, {ly all be Numbers PAT the Con- 
ditions of this Problem. 


EXAMPLE. 
1. Lat Unity be broke into wo Part f and- 4 


” 


then 15 += 72 -e 


fore the Fraftions Z and EF ＋ will wy the Queſ- 


tion, | agreed] 
; 422 2. Let 


{-Wo 3 
2: Let Unity be broke into two Parts —and 3 — 4 


4 ef 
A yp LA (3 - 
272 75? and 41 2452 2 9. 
25 2 LA 1 BI 


| 2& 5 ( 2 $5 
wherefore the N vine 4 and + may be admitted 
as Anſwers; and thus we may 7 proce at Plea- Ha 


ſure. > ap 
« T1 {JF 2 b . # 
* * — — 7 9 oe 0 
a ' X YL 0 
% 'P R 0 B. X. Fe , 
By Mr. Jon Mar, Jun. | of Anferdam. 52 WE. 
| 7 here came three Dagens of my Acquaint ance exe 


to ſee me, being lately married; they-broug bt ; 
their Wives with them, The Men's Names | 
ore Hendrick, Claas, and Cornelius; tbe | 
Women's Geertruij, Catrin, and Anna: But | 
I forget the Naine of each Man's Wife. | They N 
teld me they had been at Market to,buy Hogs; $i 
each Perſon hag many Hogs as they gave | 
Shillings for one Hendriek Fought 23 — 
Hog more tban C and Claas bou gbr 11 = 
more than Geertrulj; Kkkewiſe, each Man laid & 
cut 3 Guineas more than his Wife. I de fire 
2 2 the Names of:each: Man's Wife ? 


Serv rs b Me J. Hitt eib 


34 EL che Number of Hogs ady Woman 
bought x ; the Number her Tlasbene bought 
x +14; 5 Money. laid out by the Woman is x* Skils 
lings3 Mone, laid out by "he Husband is x* +215 
22 e S N x? + 28x + * > * ++ 63. | 
WY : A. 7 e 


. 


18701 
* = H nen 


x + 1=32 3. henet ſome Woman bought 37 Woge, 


and her Husband 32; if 223 then „ = 9 and 
2 12; therefore ſome other Woman bought 

3 12: If e then = 1 And 
* K 28. ſome Woman bought 1, and her 
Husband 425 Conſequently 


Hendriet bought 32, and his Wife Ams 31 


„ .--..-.- Catriin .. 
Cornelius '0 18 ©4255 Can L 


Note, A more Variety of theſe kind of Pro- 
blems, 1 may be ſeen in Vol. 2. of Dr. end 
excellent Treatiſe of Algebra, . 


* * , y A 4 . | P 
# QUE $& 


4 1.182 ] 


— 


* 0 3 - * * 4 
8 . v% . 16.4.4 . . . of , 
7 Doo reer 7 
ND 
P 7 . „ ny | 2} 


QUESTIONS in the Glad! | 


Diary 1743. 


i QUESTION. 1. | 
By Mr. Roß EAT HAL I of Boſton.” 


One Morning in May, I went to ſurvey - 7 
As ſoon as 5, ight Sol 1 efpy'd 1 * 


I meafitd round a four-corner'd Ground, cb. Lis. 


Tib' Margin's the Length of each Side: AB=1 5 60 
The Angle at B, together with D, BC=13 20 
An bundred and eighty Degrees, CD=10 oo 

TheMeadow”s Content is all that Iwant; DA =26 00 


Aj ſt me, kind Sirs, if you pleaſe, 
So. UTION by Mr. T. Pzar ie ae 


AB + BC — Arr AD—DC ſquared 
divided by 2ABJBC + 2ADXDC  £ 
(when abbrieviated to the loweſt * and 2. 


£6 126 56 
— = drawn into 57 makes 2 whoſe ſquare 


8 

Root is=<,whoſe half drawn into ABNBC+ 
ADXDC is 21 5,04=21,04- Acres, which 1s the 
Content of the Field ABCD, Q. E. I. 


QUES- 


K. tf : 


L 1831 


QUESTTON 1D 
By Mr. J. Ricxeapy of Saffron Waldon. 
Being at Sea on @ clear Day and calm, havin 


the Proſpect of a Church and aWindmill, 
made an Obſervation, and found the Church 
to bear dur Eaft ; and the Mill to bear NV: 
and ꝙ Miles, or 3 Leagues, as near ut thu 
determine. The Church s Diſtance from'tach 
in one Sum was 18 Miles or 6 Leagues. 
uzre each Diſtance ſeparately, with the 

Bearing of the Mill from the Charch ? 


Souvr ton by Mr. R. BeicuTon of 
4 Brampton. 562, 


ewixt the Mill and Place of Obſervation, 9 
= the Coſihe of the Angle Which is formed by | 
Lines ſappoſed to be drawn from the Mill, and from 
the Church to the Place of the Obſerver, Radius 
= I, Thena85+bq:5+4;: 5: 11,331 
twice the Diſtance betwixt the Church and Place of 
'Obfervation. Hence the Mill bears from the 
Church N. E.; E. nearly, and the Church from 
the Mill S. W. 3 W. fere. 


QUES- 


14641 
QUESTION: n. 
By GamsTON RETFOADNIBN 5, 


: In two Northern Latitudes, both under the ſame 
Meridian, the one being as far from the Equa- 

for as the other from the Pole, on Va une the 

Loth the Sun was obſerved to riſe at that Place 

in tbe greater Latitude, 1 Hour and 18 Mi- 

nutes ſooner than at that in the leſſer. Re- 
quired the Latitude of both Places. 


| SoLuTION. by Mr. Warze of Comb. 


N June the. 10th the Sun's Declination i is 


and 18 of x4 ='1O : 30, whoſe verſed Sine 
call v; then will 2 ＋ = 4348808 which an- 
ſwers in the Tables of verſed Sines 1 5 82 
21” : 55 whoſe half 27%: 100 40%: 88˙% added 
to the half of 19˙: 300 (=9*: 43% gives 37 : 3% 
40%: 58! = the aſcenſional Rien in the greater 
Latitude. 7 4 as Tangent 23*: 29 is to Sine 
| 37": : 58%, 1 is Radius to Tangent 
54P : a 425 36" the as Latitude. . El 


0 


23* : 29, the Tangent of which call 7, x Hour 


$1 


„ 


1 185 


UE SHT ION. 


Suppoſe « a Hole 8 thro' the Earth in a 
©. 41ght Line 1 to" it Surface in 
\ . 35 andthat à Hlone be Þt flu into it, 


a on in zts Deſcent wittout Interrup- 
tion; web wottld it ep? und how many 
Engliſh Miles would it run thro? 7 1 it 
not to go beyond tbe Place of it fnal Reft ®; 
and ſuppoſing the Earth to be an Ohlate Sphe- 


, Tiod,, fboſe Diameter at the Equat ar 11s 
0 74: and the Length of it Axis ZN 
fcb Miles. 
4 Soru ri the Pf. 5 
124 » A 


UT 21 = 7974, 25 = 7940, m = the Sine, 
and the Coſine of 51 the;giyen Latitude; 


4 N 


nden then will Vun * c . . ASI 4 = — 
3976.88 Miles, the Space run thro" by tle 


5m 2 nic 


Stone; Ege it reſts at the Diſtance : 8 2 


[nie 16,4 Miles from * Crater of the A a 
G. E. I. | 


* This I mention, becauſe ſome think a Stone thus deſcending, 


by the Force of its Gravity, would go beyond the Center, and 
— again, continue ſor ſome Time mov ing back ward 


and forward, like the Swinging of a Pendulum, till it reſt in its 
Place. 
"ING. Bb. QUES: 


1 186 ] 


a 4 9 ”" * 


QUESTION v. 


By Mr. RicuARD HANnCcock. 


. Given the Equation of a Curve AEm, ax=y+; 


and the Equation of another Curve AFm 
bx y; and alſo Am=15, and the Area * 

_ the Curve Space AEmF, = 59,4 Quære the 
. . Abſeiſſa Ap, and the Ordinate pm. | 


so rio by Mr. WILLIAM DAxIEL of 
Langley. 


UT n=15 = Am, 1269,54 = Area of the 
pace AEmF, then will x T 10m 


3s "= and y = IM 


Mk the Area of the Curve Space, whoſe Equa- 
tion is b y, is And that whoſe Equation 


ib ., =. Or univerſally = Area of that 
Curve, whoſe Equation is as =, 


n QUES 
\ 


Co 
— 


> > ot . od” i. 


1187 


QUESTION VL 
By Mr. J. Taomeson of Wither ley. 


It was my Chance to be ſurveying 4 Piece f 
Tand in the Form of a Rectangled Triangle, 
. woboſe Sides I meaſured, and fans the Hypo- 

 thenuſe juſt 30 Chains ; but Night approach- 
ing, found I bad blunderingly taken the 
other two Sides, both in one Sum, juſt 42 
Chains 36 Links ; yet I hope ſome ingenious 


Gentleman will from theſe Data find me the 
Sides and Angles, by a a n ? 


SoLuTION by Mr. WILLIAM WHITEREAD, 


AY as 30 Chains: 42,36 Chains :: Coſine 45 

: Coline 3: 12/ : 22” = half the Difference of 
the acute Angles; therefore 45* + 3*: 12“: 22” 
= 4P : 12' : 22” is the greater #, the — Angles, 
and 45 minus 6. I2': 22” = 41* : 47! : 58" the 
Leſs: Again, f as Radius: 30 Chains: : Sine of 
41 4% # wth I 19993 59 Chains the lefler Leg of 
the Triangle. the greater is 22,36641 Chains, 


QB. 1. 


Note, For a Demonfraion of chis Solution, 
ſee p. 48. | 


B b QUES- 
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QUESTION VII. 
B Mr. PauIl SuARP. 


8 uppeſe t he Diſtance betwixt London and York | 
be = 150 Miles; from"wwhich two Places, 8 


tuo Travellers A and B ſet out at tbe qame 4 
Time to meet one anotber; A ſets aut fr om 4 
London and travels 5 Miles the” firſt. Day 7} 
0 thou 20 the 30 Ge, in Geometrical 3 
Pregreſſion, whoſe" common” Ratio is 2 B | 
ſets out at the. ſame Time from Vork, and goes . 
6 Miles the firſt Day, '19.the 2d, 14 the 3d, | 
Sc. in Arithmetical Progreſſion, 2254 | 
common Exceſs is 4: Required the Time of ; 


their Meeting, and how many Miles 


» 7 each 
Man will then bave travelled ? | 


ao 
Sor ur io by Mr. W. DaxviEI of Langley. 


T ET = = the Number of Days ſought; then 
5E = the laſt Term, by the Nature of 
Geometrical Progreſſion, and — — 2 the Miles 
A goes in all (Sce Ward p. 189) and by the Laws 
of Arithmetica! Progreſſion d + x - the Miles 
B goes in all (See Ward, p. 186) *.* + 5X>P—j + 
2x? + 4x = 150 per Queſtion, which by Tranſpo- 
ſition and Diviſion, gives >| + 0,4%* + o, 8& = 31, 


ſolv'd x = 4,3258 the Nan ber of Days ſought. _ 
Hence A travelPd 95,27167 Miles, and B 
5472893. EY. . 


/ 


2 
. D Nen 


0 629 NI Hh OP * 
By Mr." Wir rau BUT .. . 


A Gentleman knowing that bit Servant brewed 
him 5 1, 84863 Buſhels , Malt at a: Tame, 
{allowing 2150,42 Inches to one Buſhel) is 
very defirous to have an Hopper: to bis Mais- 
— * — in the Form of a Square Pyra- 
| | but his Workman being very ſcarce 15 
rad} (and no Mathematician) defires /ome 
Gentleman wall be ſa kind-as ta ſhew him how 
to make it, ſo as to take the, Jeaſi Breadth 
Boards, for the perpendicular 22555 of t 


fant Side the leaft Poſſible. 7 


1 0roTION by T. SANDALL. 7 Solyhull . 


U T $ = 110851,2 = the Inches in 51, hide R 
+ Buſbels, and Hay $.: 3.21 171 241869. 
he” Cube of che Perpendi cular Fight of the 
Pyramid, Whoſe Logarithm is 4.61 Yo. 
1,5395904 is the . of 43.641 the Alti- 


tude ſought: Again, 1 : V3]: : 34,641 : 60 the 
Perpendicular Length of the Slant-Side _ 


-DRMONSTRATION: ALLY Þ 


"Put x x the perpendicular Height of the Porte 
mid, and „ =the perpendicular Length of its ſlant 


# To hold the ſame Quantity. 


Side, 


110 
Lide, * will „ 3 = the Square of the Semi- 
Baſe; which drawn into 4x, gives 4 — 4 35 


* 417 = , „uch per Queſtion muſt be a 


| 82 Nr n 
Minimum, whoſe Fluxion . EYES hs „ 8 — 2 


eee 8* = 35, or as 8: 32:2 $3.47," Again, 
dy writing 2 =.for 4” in the Equation above we get 


r 
818 = 1 4 . ed or as 
1! I:: . I. fon 7 Gi 


4 n * 7 
abr 10 N IX. In 
By Mr. James Heminoway, W 


In the Parallelopleuron ABCD, there is given O! 
bb) = the greater Baſe (c) = the leſſer Baſe, Ww 
(d) = AC = DB; and the Ratio of the Ar 
©. Trapezium to the Triangle, as (t) to (s); 
| thence to find the Diſtance of the Center of 7 
- Gravity of. the Triangle, from the Center ef A 


IS 


the ap AB. A 
5 0 ande ty Proper: O5 
| Th 

H E Inveſtigation of a General Dann V4 

would be too long for this Place, bur if Th 

AB = 12,5. AC = 16,75 = BD, and CD = Sc 
9,25 : then will 4,08 1942 be the Diſtance ſought. - 


QUES- 


Q E510 NS in "the Ladits 
| Diary, 1743 · 8 
QUESTION. . * 
A Mr. TroMas CowPes. 7 


When that immenſe amazing Orb of Day 
Gilded the Northern Tropic with bis Ray, 


From eaſtern Skies emitting lucid Streams, 
And ſpread bis Radiance in prolifick Beams 3 ; 
In pleaji ing Solitude I did repair 
To view the Fields, and breathe in purer Air z 
Where joyous Birds ; fretch'd forth their tuneful Throats, 
And pierc'd the yielding Air with thrilling Notes: 
On verdant Sprays the Thruſh and Blackbird: / 
While warbling Larks diſplay d atrial Wings ; 
Ariful aſcending through the elaftick May, 
And bail d triumphant the ſolſtitial Day. 
Each Objeft round a grateful Scene did Yield, 
While teeming Plenty — the blooming. Field, 
And beauteous Verdure deck'd the enamelÞ't Plain, 
And pearly Dews bung on the rip ning Grain ; 
_The fragrant Flowers with diff rent Colours 9 a, 
On ſmiling Ground diſplay d their gaudy Pri 
The Air with light Effluvia did abound, 
Mbich ſpread their aromatic Odours round: 
The Wi — were huſb'd, and Zephyr's gentle Breeze 
Scarce heard to murmur through the ſhady Trees, 
To one of them a Bough did . 
N bose Shadow 1 obſerv'd upon the Plain; 


And © 


- has . 

And found its Diſtance from — 
bs ner * ö Eng 
towar & £1 5 

2 bx Tho rf Tu 


"And on the Ea | 
While up the Skies — we Time be led, 
enty-ſix Minutes and dne itt were fled! f £ 1 

bapper'd that anotber Branch =p, I I 

Whoſe Altitude nhowathe Kew} A f 
Has Thirteen Inches'and juſt eight Tens more a 
Than that which Nabſerv ' the 2 eure; 
Zet (as the firſt) it Diſtance from the Sbade 
No more than Ninctyr ſeven; Inches made 
And ib Baſe was ſhorter at this ſecond View, 
By one Foul. and dir Tpuths of One inch too... 55 

Now from the: Data; *tis reguired to ph | 
| Their Height „ be T1 me and Latitude alſo 75 od " a 


Asse 4 vo, 


Sorv ros * Mr. 1. Burks if Ob. 
Tt LEQR RMA. 19.8 1126 22 Rene: 
Tangent of 4: 23 $50 A and as 
+194( twice 97) $148 :: Secant of 42%: 232 500 
£ che, ve of 8 5 3 3: 240 B. Then ** 
36% 5: 10 = the Sun's Akitude at the firſt 
88 and A+ B Ass: 30 = the 
Altitude at the Second. Wie 2 5 Spherics, the 
Latitude 320: 20” the Time n 
$5 and He: 16. n Wy adds Ne" 


"MAGE, The AGAR Heiabt'of of bs 25 2 Bouih, 
from which the Shadows were W 


N. B. That 27 Minutes muſt be Aale e the Sun's Alti- 


tude at the Time of the firſt Obſervation, and 165 a at the Second, 
as an Allowance for his e en man. 7 


Th aS* 


i 
i 
| 


- * — — . 4 ” a * "OX 4 14 
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 QuESTION un. 
"OE. 
By HUNorAnAU N. 
; 


If two Bodies L and T, whoſe Maſſes are ti» 
Sſpeftively equal to thoſe of the Mook and 
Earth, were projefied at the ſame 4 
in the ſame Plane, from two Places A and B, 

at the Diſtance of a hundred thouſand Mites 
From each other ; the former, L, with @ Ve 
locity of 5 Miles per Second, naking an Au- 
gle with AB of 100 Degrees, and the latter 
with a Velocity of 2 Miles per Setonid, an 

Angle (on the ſame Side AB) of 60 Degrees; 


"tis required to find the Diſlanre and Poſition 
of 2 Bodies with pelt to each ure 


ofted upon = 


-- So.vTIon by An J. Barre of Oxford, | 
FT would take up tob much Room to inſert the 
Proceſs at large; I ſhall therefore only explain 
: ' 


Method of 


Cc 2110 


= 


r 
I. In the annexed 1 "ml 
Scheme, let - L and L enges . of 
Trepreſent the Bo- N 
dies as projected, 
_ en are re- 
ectively equal to 
| the — — Earth 
5 or in the Ratio « 
Unity to39, 78, and 
let 45 be Aided in 
that Ratio; then 
will the Point C re- 
preſent the Center 
of Gravity (by Co- 
roll. 4. of the Prin- 
-cipia to the Laws of 
Motion) and its Diſ— 
tance from each Bo- 
dy will be known; 
from L 97547, 7, 
and from T 2452, 3 
Miles. | 
II. Suppoſe the A * 
Bodies now projected (and by the ſame Corollary) 
we get the uniform Motion of the Center of Gravity, 
as allo of the Space that moves uniformly with it, 
and with the ſame Velocity 2,3342 Miles per Se- 
cond, as alſo the Path of the Center CC, and the 
Angle CCT, which gives its Poſition 1185,58“ 


III. By 


wang Z ma, 


\ 


„ err +» +, =109q Ht Dy 


r ? 
1951 
III. By compleating the Parallelogram CCF, 
(= Fi * To and drawing FL parallef to CC, and 
we get feng 39; che 


Ae An- 
gle of Di- 
rection, as 
alſotheSides 
FTand NV; 
whence the 
relativeMo- 
tion of the 
Body L is 
3 , 116343 
and o 
0783434 

ilesper Se- 
cond. This 
is clear ee. . 


b 
the ) Brin 


"ol 


1s FCL 
and FCT | 
being ſimi- IS 
lar, and the &7 ” T 
Angle of Direction the ſame, the Bodies will de- 
ſcribe ſimilar Conic Sections, round the common 
Center of Force, which by p. 26. of Simpſon's Eſſays, 
or Prob. . of the Principia, I find to be Hyper- 
bolas; therefore it will be ſufficient to compute 
the Orbit of one Body only, as of L, whoſe 
tranſverſe Axe is 24833,56, conjugate 21 $436,4, 
& latus rettum 191 — Miles. 


LY - 


Cc 2 V. The 


ud X 


Q 
>>Z 
7 


E 
F 


of 


8 
: 


E 
g 
2 


5 


* 


y 84 
vl. But the Center 


, and its Diſtance from it i 
makes wit 


11 108 ; | | — i 25 


. 


Ei 


QUESTION m 3 ” 
By Mr. Nicn. Oats. ; 
A Fleet of 50% t Portſmouth it bound * 7 
military Stores, &c. for our brave" Admiral 7 
in the Weſt-Indies; and being inform d 7 ” 
experienced Navigators, that. a Ship, in ſai 7 
ing upon a M ind, having ber Larbourd Tacks * 
on board, which makes her way good fix Miles m 
an Hour, will, when got into a Trade Wind tic 
(which blows in the Latitude of thirty) make | 
ber way nine Miles an Hour; now admit the 
Fleet can ſail at ibe Rate abote, F demand the > 
Courſe. and Diſtance before | and a ter their 
- Arrival in the Trade Wind, to be 5 drm 'A In 
in the ſhorteſt Time poſſible, " from the Lizard + 
o Jamaica, and the Minimum according fo & 


Wright's Proje&ion.. Lizard in Lat. 498 
56', Long. 5* 14/Weft, Jamaica 18? and 76%, 
SoLuUT1ON by Mr. J. PowI E of Hereford. 


N the annexed Scheme L repreſents the Lizard, 
I RS the Parallel of 3055 Ta Pgint thercin the ſts 
lect muſt come or 


to, in their Way 
to Jamaica, de- 
noted dy J, tbe 
Angle TLS the 
firſt Courſe ſteer- 
ed, c. 
Woehave given 
(per Mirigbi's s Pro- 
jection) LS 
157 8 7 Miles, 
che b,SNor J 


Thk=7 90,1 607 


C 199] 
c, NF =4246=4, put x P, m=6, n=91 
then per 4% 1 TL = VE Ix, Tf= 


v cc+dd—2dx-+#*, and by a uniform Velocity the 
Times of Deſcription will be LOTS and 


N , their Sum YI? 5 5 xx. 
* = 


— — 


Ve cc — ＋xx 


muſt be a Min. Its 1 if 
made = > and ordered, there will ariſe this Equa- 


tion: 

bun} —24nf © pp { 

J Jo Ton adh rbb. 
— 1 _—_ . 


In Numbers, $446%—3821408%4+771997102,998 f. 
+763080896290,03x=162 0020551753744 
* 1438, 016, or 2891, 56, or 5488,45, 
1346,03. But it's the firſt of theſe Values 
oh 016) which. ſerves to our prefent Purpoſe. 
Now having found T8, by plain Trigonometry 
TL, the Diſtance ſail'd before the Fleet's Arrival 
in the Trade Winds will be had 2149,86; Courſe 
ſteer'd S de: 27 weſterly : Thence to Jamaica, 
or the Diſtance 77, is 29779 Courſe wel 
6? : 400 weſterly. | 


o 90 © 6x1580. 
0 0, 1196 

then the above Theorem, viz. 2 * Sc. will 
be the ſame as that given by the proper. b 


Note, If A be put = 


og ES 


- 


- 
40 
* 
7 
A 
C 
* 


fo. 


a * * , - 
* - e . * 
- * F 
i 
ny "FEE. — bs 
— 1 

— 

a n 


QUE 8 T I oN W. 
By Mr. Ronan HATE A 


- 0 ho _ 


4-4 


br Four Maids wiſe and fair, and as Aſtrea rare, 


(Tmpatient to tie Hy men's Nooſe) 


Burn with amorous TIDY ra 


' Then which for ber Age would you chooſe ? 


8. uppoſing their ſeveral Ages to be repreſented wy the | 
following Equations. - _ 
cea ＋ una 12 = 208 50. 
44 T. une o yo, = 23338, | 
aau + een + — 
aay & eey + 2 = 247 $0. 
What was each of * and the * 
Inveſtigation ? 


SoLuTION. 


R. Wright, Teacher of the Mathenticks 
iven us the Analytical 


at Pontefrat?, has 
Late yr pan lem, and ee 3 
21, and y==25, his Proceſs at * 
be inſerted in the 3d Volume. 


e 


SM 


4 . 4 


* x . * 8 * d 

: « = 3 * = 
= 4 * 2 C : 5 6 . . N 
— i - . 
1 * We © * * — 7 - = . 6 * 
1 , 1 buy? ö (8 bd 
9 * * * f 
* - * p 
_ hs £* 1 "4 ' or ] 
: * 
re ei, 
n = k 


— 


a EST1ON' VL 
5 * F. R. 8. BIT 1 1 


there be the of @ Cone whoſe left 
ge. 1 20-Inches, its — 40. and 
3 9; which being cut by 4 Plane di- 
agonally through the — Extremities of 
8 als oe, will — h 
2 (ca a greater 63 re- 
. enti 2 ſlid 


_ . PowLs of Hereford, 


R. Shirtcliff ga his Treatiſe on | Gauging; 
p. 172. — he a General 2 
f of any 73 Fruſtrum ; whether. 
1 6 the Ellyptical, bolical, or Hyperbolicals 
l Ems 2 
W. following Theorems tor the Elly 


fs 
IND the Dianna, hs ama "Bala dn 
that of the leſſer, hb = Fruftrum's fc 1 then 


T1 1 55 Dax D e 


Hoof. 
——— x 2 he er Hoof, 


2 ole bf the Weber Een. 4 e 


is the Solidity of one Hoof, 17125, 813 chat 
the other. 


22 by - Ps : cu 


Oe, 


[ eo} | 


QUESTION VIE... 
By Mr. WILIA Dani, 


1 is univerſally agreed, 'th at the Heat 9 

* Moment of Time, on any Day, is meg 

bie to a Rectangi- made of the Sine of the 
Sun's Altitude, and the Arch of Time expreſ- 

fog his Continuance above the Horizon ; which 

being allow'd, it is | 


try (Latitude 5 30% vn Auguſt 14, 1743: 
SoLuTION by My, F.\Warrs of Comb. 
HE OR EM. By the Data it is the hþtteft; 


Time of the Day, when che Sun's Altitude 
divided by the Arc of Time Feat bis Conti- 


nuance above the Horizon, is equal to a Rectan- 
e of the Sine of the comp. Latitude, comp. of 
Sun's dec. and Sine of the Hour from Noon; 

which in Latitude 52“: 30% and on Auguſt 14. is 
Kr 38 Seconds ä One 


ts ed to fi 1 what 
- Time of the Day will'h te e's at Coca 


1 3 ., 
w © - 


* 


1531 


; 1 TH 
| Þ +9 Li 99 4. =» util A 
. . ' s e 
* f » | a * a 5 
ee es ar on 
* 
VESTION VII. 
' 


By Mr. Joan! May, juniory-of Amſterdam. 


' Laft Spring, 1742. being ar Ses in North La- 


... titude, we bad great Storms for foveral- Days 


together, ſucceeded with | cloudy Weathtr, 
which: bindered our mating Obſervations; ar 
la, when it cleared up, with Mr. Hadley's 
Octant upon Deck, I endeavoured to take the 

"Sun's Meridian Altitude, hut unfortunately 
thick Chuds obſtrufted it. Now being at a 
great Loſi to ænou where we were, we endea- 
vowred to contri ve ſome other Nay; and ac- 


cordingiy waiting @ few Minutes, it cleared 


up" again, and we took the Sun's Altitude 
Fr 2 Allowance for Refraction, and Dip of 
|. Horizon, &c.) 57*: 24': 52", Tarrying 
26 Minutes by à good Watch, we obſerytd 
the Sun's Height 55*: 35': 19“; and 25 
Minutes after this, the Sun's Altitude was 
53 167: 15%, From whence 1s required 
the Latitude we were in, the Time 1 each 
Obſervation, and the Sun's Declination, by a 
general Theorem for all Problems of this 
Naturesͤ 


SOLUTION * A. J BzTTs of Oxford, 


T the Sun's Altitude, 1ſt and 3d Time obſerved 


Hor the Difference betwixt the Sines of the Sun's 
Dd 2 Altitude 


1 
. U * 
* - 
* 


UT . for the Difference betwirt the Sines of 


« 


. J 
Altitude ad * Time obſerved ; 5 and o -Þ 
the right and verſed Sine of (25 Minutes =) : x 
& and tor the right and verſed Sine of (26 
nutes + 25 Minutes =) 12® : 45 Radius = 11 3 


then will 3% = ,4684039 the Tangent of the 


| Hour-Angle from Noon 11 the 2d Obſervatjon 3 
' which correſponds to 25 : , whoſe Coſine call e, 
and put d= Coſine of 12: 21, the Arch from 
Noon when the 1ſt Obſervation was made, and let 
# = Sine of the Sun's Altitude at the 1ſt Obſerva- 
tion; then will the Sine of the Sun's Meridian Alti- 


pade be ah + »=,8559346= 58*; 35 


ol his Depreſſion zt Midnight r . 835930. 


, 2975683 2: 18'=5; whence 9 = = 


d 
C 
h 
f 
4 
[4 
i 


$51? 550 the Latitude of the Place, and = 
20 : 47/ the Sun's Declination anſwering to the 
13th of May. 


N. B. Whoever would find the Latitude of a Place 
exactly, cannot poſſibly meet with a better Theorem, 


to effett the ſame, than that which is given above. 


1 


On 0 Þ FÞp 


\ 


I 


Ws — a k 4 
3 N . 


QUE'S T'I O'N' m. 
By Mr. Joun PowLz of Hereford. 


Let there bethree ſpherical, perfuchiy elaftlic Bis  ' © 
dies, A, B, C: Te Weight FA; Pound, 1M 
C=27. Now it i: required to- find the” 4 
Weight of the intermediate Body B; fo that "i 
A friking B at Rel, and B with the Motion 
acquired by the Stroke, firiking C at Ref, 
Ae be 4 Mas- 

mum 


Sorvrtes by Me, Berrs of Oxford. 


FT ET e, beany Velocity whereby the Body A i 
L Lee, G be r toi 


A7 the Velocity of V aer the Stroke 3 again, 


| 24 

BC a r 
C after the Stroke, a Maximum per Quaſtian; * 
ACB — BÞ =o, or =. . VIB 


QE. 1. 


® 


| EE 
banal. o 64d 


 QU:E($ Tx O'N'/ x. 
By the. lateritluſtrious Sit lane Nu rox. 


| Three Staves being erefed,, or ſet up en end. tn 
4 certain Place of the Earth, perpendi- 
Cular to the Plane of the Horizcs.. im the 
_ Points Az B, and C; C; whereof that whith is 
"at A, 4 6 Foot long; that in B. 18; tba 
C, 8; the Line AB being 30 Foot long: 
11 appetts on a certain: Day in the Year, 
tat the End of the Shadow of the Staff, A, 
Paſſes through the Points B and C; and of the 
Staff. B, through. Arand'C.;. and % the Staff 
C, through the Point A. To find the Sun's 
Declitation,. an the Elfvation' of the P 
or Day. qd ack an e 


For ver 0N, 


YALL the Height'of- the Staff placed in the 
Point 4, (a) that i in 3, (b)' that i in C 85 * | 
Line A5 (d) the Dif: 1 
tance berwixt the Topf. 
of the Staff in 4, EN 
the Bottom of the Staff | 
in B, (e) the Diſtance 'S. | 
betwixt the Top of 1 
the Staff in B, and C 
Bottom of the Staff i in A, (/) and let AC= x, 
CRD then per 47. e. 1. Vai = 5, and 
v + (n) = tlic Diſtances betwixt the Top 
of the Staff in 4 and Bottom of the Staff in 


G, 


* 


f 


** 


9 Wa 


* 


15257 


0. A- Top er e Star ben 3. 
the Staff in 4, reſpectixely. And rde 2 1 


Meridian. Line. Radige,=3. dthen ill LH 


makes the Shade 4B by the Staff A ; for the 


he n 


Coſine of the Angle ABN — BAN): Coſine of 


the Su- ee che North at That Time, 
put T v. 'A pand 7 capreſes the Sine and 
Coſine of the Sun's Altitude when he makes the 


Shade BA-by the Staff B; ithe-Coſine of BAN" (08. 


ABN) = Coſine of the Sun's Azimuth from the 
Nan, chat T. ime v. 


Alſo © and 2 will be the Sine and.Coline of de, 


Sun's Altitude when be wake, the Shade AC by the. 
Staff An and let F y, be put to denote the Coſine 
of the Angle 4 for CAN) the Sun's Azi- 


muth from t the North at that Time; again, and 


5 vill e egpreſ the 
ing when he dende Shade CA,"by the Staff 

; of the Angle (CAN (or 
of the Sun's Azimuth at that 
Wen Lally. Let p and g be 
Sine ad Cee the required 
8 the ine of the Sun's Declioation ; 


put to pr 
Le 


then per. . 35 — the 8th, Þ- 99- we have (1.) 
Ca ee =2 3. ED | 


. pe- | 
= 4) Ee 2 =g., Wee a” oft Equas: 
en v have + do = ge — pa; and RA 


— m 


be the Sine and Coſine of the Sun's hid s 0 


Sine 104 Coſine of the Sur” Al- 


ay * 


— 


1 , "4 . "x 
: * 4 1 9 4 4 - 
4; 4 of # G wr 
* « 
— 
= 


ot A at 
+ 


= 


[2987 


eee. 
— and ad 4th K = 


22 


TE: * 1 


=m + &—, which put 


Fx: +71 
for in the Equation above, makes — 
TE, 
Zn Ac TAN T / 


e K 4 2 
Tranſpoſition, Sc. we have = 


= m the Diſtance, betwixt the Top of the Staff in 
*C and Bottom of the Staff in A, and fo XC is 
found. And by the very ſame Way that m"was 
found, the Diſtance betwixt the Top of the Staff in 


| Þ and Bott of the Saf in © may be found, oh; 
[ if A be put for it, the Equation will ſtand © 


b—exb+6_ 
+ Ib v, and therefore CB is known. 


For the other Part of ng we have bu 


Fl 
| a 
$ 


+ IEF 


* 


Put 5k 
ſquared makes * 17 1 =" 1—ÞE 


++ - 717 * T 7 


put Ie = b, then will + v =b- whoſe Square | 


„r ug the Sine of 
the Angle BAS. 


And by the ſame Way of Reaſoning, from the 


ct — am p 


3d and 4th Equations, is found + y = amp 5 


cam 


= k then will + „i, which 


* 


the Sine of the Angle CAS. 
Naw having all the three Sides of the Triangle 


. ABC given, we find the Angle CAB to be leſs 


than a right Angle; therefore the Coſine belonging 


to the Sum of the Angles BAS and CAS is bi. 


— * — * a (ſee Theorem py p. 3.) 
—4.— 


But per Nature of the Triangle we have -= 


= v the Coſine of the Angle CAB, conſequently 


12 4 2 * 2 3 PF 
bk=— 1—5 7 1—4 = u. * 


7 | 
V 1p 7] — [ | which ſquared, Sc. makes 


— 2bt*, ＋ * = 1 or by writ- | 
7 a. hy © 
| e „ 


e 1 g# 2 a. © 
6 $455 a 0 educti 1 | * ( 
1p I —_—_ . 22 | rm FRE Ad 
i 0 10 8 , #2 Me ns . »L N 
f N 7 


* 2 


ing 17 for 7 is — 


N= . "Sine of a0 Are, 4 
which is double the req vired Latitude. And the 4 
Sine ofthe Sut's Declinarion isat p. 203. |. 4. known. i 


r 


c + pa ER 4 "1 
el, a OY 


3, 


< 


- 
A * 


11 


The EN D of the Firft Volume, 


